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ABSTRACT
Gravitational Lensing with a Large Deflection Angle as a Probe of General
Relativity and the Galactic Center
Amitai Yisrael Bin-Nun
Justin Khoury
Gravitational lensing is an important tool for the study of gravity. In this thesis,
we use gravitational lensing in the strong field to study a variety of phenomena. We
begin with an overview of gravitational lensing in the weak and strong deflection
limits, including a formalism for the study of light that passes close enough to a black
hole to loop around it several times before reaching the observer. We move on to
discuss recent developments in the study of “braneworld” models which present an
interesting framework for the effect of extra dimensions on gravity. We also discuss
several potential black hole metrics in the Randall-Sundrum II braneworld model.
We then numerically study a variety of lensing scenarios involving braneworld black
holes, including a new form of the “tidal Reissner-Nordstrom” metric and find
that a braneworld metric will produce results theoretically differentiable from a
Schwarzschild black hole. The analytical formalism we review is found to be an
accurate reproduction of the numerical results. We outline a test for the application
of this analytical formalism to an arbitrary static, spherically symmetric spacetime.
We then study the effects of gravitational lensing on the S stars orbiting Sgr A* in
vi
the galactic center. We show that modifying the metric for the black hole at Sgr A*
will produce different image properties for the lensed S stars. We catalogue these
image properties as a function of the metric and comment on the observational
prospects for these images and the specifics of their properties. Finally, we suppose
that the dark mass at the galactic center is a boson star and offer evidence that
this will create observationally significant lensing events for nearby stars.
vii
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Chapter 1
Introduction
Are there extra dimensions besides for the three spatial dimensions that we visually
experience? Is General Relativity (GR) accurate? Do scalar fields exist? This
thesis addresses several of the deepest questions in physics today at their point of
intersection and explores, from a theoretical point of view, some experiments that
could shed light on these questions.
By all appearances, we live in a world with three dimensions. Yet, the idea
of extra dimensions has been a central theme for physics research in the last few
decades. This is because extra dimensions represent a path to possible modification
of General relativity (GR) [1, 2, 3, 4], a very successful theory that describes gravity
as an expression of the curvature of spacetime rather than as a force. GR has been
widely tested across many orders of magnitude over the 95 years of its existence.
Every single test of GR is consistent with the original theory [5, 17]. However, the
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fact that GR possesses singularities and the need to unify GR with standard model
(SM) forces means that GR will eventually be supplanted by a theory of Quantum
Gravity [6]. A leading candidate for this theory of quantum gravity is string theory,
a theory that requires the existence of ten spacetime dimensions for consistency
[7, 8]. In addition, there are many puzzles in physics that can be resolved by positing
the existence of extra dimensions. For example, the extra dimensional model of
Arkani-Hamed, Dimopoulos, and Dvali (ADD) has been advanced as a solution
to the hierarchy problem. Aside from motivations from particle physics, there are
numerous anomalies and puzzles in cosmology with proposed solutions involving
extra dimensions. These issues include the origins of inflation [18, 19, 20, 21],
the observation of cosmic acceleration [22, 23, 24, 25, 26, 27, 28], and the dark
matter problem [29, 30, 31, 32, 33, 34]. For these reasons, gravitational models
that incorporate extra dimensions and their observational consequences are of great
interest in current research.
If there are more than four spacetime dimensions, there must be some sort of
mechanism that hides these extra dimensions from view. Until recently, hiding
these extra dimensions was accomplished by compactifying them on a manifold
with typical size of the order of the Planck scale (about 1.61 × 10−33cm) or string
length. This makes them inaccessible to experiment and is a central tenet for string
theory. As part of the “second superstring revolution” in the mid-1990s, theorists
developed the idea of D-branes upon which standard model (SM) fields are confined
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while gravity is not [35, 9]. Building on these ideas, several “braneworld” models
of gravity have been built [36, 37, 38, 39, 40]. In these models, extra dimensions
have not been observed because all fields besides for gravity are confined to four
dimensional branes, while gravity can access the higher dimensional bulk. In this
scenario, the extra dimensions can be large in size relative to the Planck scale and in
one theory [40], the extra dimension can be infinite in size! The Randall-Sundrum
braneworld models are particularly exciting because they are closely related to
certain string theory models, as will be explained in Sec. 1.3.
Gravitational lensing, or lensing, is the phenomenon of a gravitational field de-
flection light. It will be reviewed in Sec. 1.1. This thesis will develop a method
using lensing, to detect signs of extra dimensions. Since lensing depends on the
nature of gravity, image properties will be different if there are extra dimensions, as
the existence of extra dimensions reflects a different underlying gravitational the-
ory. Since the effects of extra dimensions have not yet been observed in the weak
gravitational regimes of Earth, the solar system, or cosmological probes, this thesis
studies gravitational lensing by black holes and other very compact objects. As
there conveniently exists a black hole at Sgr A* in the center of the Milky Way,
we study possible scenarios involving this black hole. We find that results from
GR and theories involving extra dimensions are theoretically differentiable. While
these proposed tests are observationally challenging, positive evidence for modified
gravity or extra dimensions will have a profound effect on wide areas of physics as
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well as deeper questions on how we view reality.
1.1 Gravitational Lensing
Gravitational lensing (“lensing”) occurs when a gravitating mass distorts a space-
time and anything in it. The paths followed by electromagnetic radiation from
a star, galaxy, or other source are bent as well. This can be seen directly from
equations of motion for photons. Light can be modeled as a massless point particle
following a worldline in the “geometric optics approximation” [10]. In all scenarios
considered in this thesis, as well as all realistic astrophysical scenarios, the wave-
length of light is much smaller than the radius of curvature of the spacetime it
travels through. In this case, the wave nature of light can neglected, and light prop-
agates along “rays”. Though this treatment cannot account for optical effects such
as polarization and diffraction, it greatly simplifies the mathematical treatment of
light propagating in spacetime. To show the effect of a gravitating mass on the path
of light, we consider a linearized metric. For a weak gravitational field, the metric
is the Minkowski metric with a perturbing term. If we consider a static, weak field
metric with a source yielding a Newtonian potential Φ, the line element is
ds2 = −(1 + 2Φ)dt2 + (1 − 2Φ)[dx2 + dy2 + dz2], (1.1)
which yields the following equations of motion for null geodesics [3]
d2xµ
dλ2
+ Γµαβ
dxα
dλ
dxβ
dλ
= 0, (1.2)
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where λ is the affine parameter and dxµ/dλ represents the four-velocity of the light.
Greek indices are summed over all dimensions, while Latin indices are summed over
the spatial dimensions. This spacetime has non-zero Christoffel symbols (to linear
order in Φ)
Γ00i = Γ
i
00 = ∂iΦ (1.3)
Γijk = δjk∂iΦ − δik∂jΦ − δij∂kΦ. (1.4)
Therefore, for a non-constant potential, the path of the null geodesic is changed by
the presence of matter, which is the essence of gravitational lensing.
Lensing provided the first experimental verification of GR through observations
of starlight bending around the Sun during an eclipse in 1919 [10, 41] and contin-
ues to be a major source of insight into gravitation [42, 10, 11, 43, 44]. Lensing
magnifies the image relative to the source, modifies the time it takes light to reach
its destination, and distorts the image. The bending of light by massive bodies was
anticipated as early as the 18th century by Henry Cavendish [45]. Early calculations
of light bending relied on the assumption that light was massive and therefore at-
tracted to a massive body — viewing light as reacting to a force. In 1911, Einstein
reimagined light bending as a result of his principle of equivalence — viewing light
as traveling on a null geodesic in a curved spacetime. In recent years, lensing has
become a powerful probe of many astrophysical and cosmological questions. Strong
lensing, or systems in which multiple images of a single source are detectable or in
which an Einstein ring or part of one (an arc) is visible, can inform us of the Hubble
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constant and other cosmological parameters [46, 47]. Statistical measurements of
lensing where the light deflection is too weak to detect in a single background image,
or weak lensing, provides a powerful probe of the matter distribution in the universe
[48, 49]. Weak lensing is a particularly important probe of dark matter [50] and
has been proposed as a tool to distinguish GR from alternative theories [51, 52].
Microlensing, where a transient lens causes a source to temporarily brighten, has
provided a way to search for massive compact halo objects (MACHOs) and extra-
solar planets [53, 54]. In short, gravitational lensing has proven to be a versatile
tool for examining a wide variety of questions.
1.1.1 The Weak Field Limit
In this section, I will quantify the effects of gravitational lensing. I will review
the derivation of the lens equation and formula for image magnification from first
principles. This will be done with the simplifying assumption that light does not
pass close to the lens and is, therefore, only slightly deflected by the massive object.
First, we need to find the equation of motion for a null geodesic. The simplest
case for analyzing gravitational lensing is around a point mass source that is electri-
cally neutral and non-rotating; this is a Schwarzschild spacetime. The line element
associated with the Schwarzschild metric is
ds2 = −
(
1 − 2GM
c2r
)
dt2 +
(
1 − 2GM
c2r
)−1
dr2 + r2dΩ2, (1.5)
where dΩ2 = dθ2 + sin2 θdφ2, the line element on the unit 2-sphere. This entire
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thesis will use natural units with c = G = 1. The equation of motion for a null
geodesic is given by
gµν
dxµ
dλ
dxν
dλ
= 0. (1.6)
Since the metric is independent of t and φ, there are two conserved quantities
(
1 − 2M
r
)
ṫ = E (1.7)
r2φ̇ = J, (1.8)
where ṫ ≡ dt/dλ and φ̇ ≡ dφ/dλ. It will prove more convenient to define
J
E
≡ u. (1.9)
In a spherically symmetric spacetime, the lens, observer, and source can all be
placed on a single plane with a constant value of θ, so θ̇ = 0 is the third constant
of motion. We start with Eq. (1.6) and substitute in Eqs. (1.7) and (1.8) and
set, without loss of generality, θ = π/2. The geodesic equation becomes, for the
Schwarzschild metric in Eq. (1.5),
0 = − 1
u2
+
1
J2
(
dr
dλ
)2
+
(
1 − 2M
r
)
1
r2
. (1.10)
This is the equation of motion for a photon in a Schwarzschild spacetime. Next,
I will show how to go from this equation to the bending angle, a measure of the
deflection a ray of light undergoes.
In Fig. 1.1, a light ray travels from left to right, and we want to know how much
φ changes as the light ray moves from the left side to the right side. The light ray
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Figure 1.1: In this figure, a light ray travels along the curved path due to the
gravitational influence of the mass. The change in coordinate φ is given by the
construction ∆φ. For light traveling along a straight path, ∆φ = π, so the deflection
caused by light is α = φ − π, where α denotes the deflection angle caused by the
gravitational lensing effect. The source is denoted by S, the observer by O, and the
point of closest approach by r0.
travels from large r to a minimum r0 and then out to large r again. Since both the
source and the observer are located very far from the lens and there is negligible
deflection far away from the source, we can treat both as located at r = ∞. To
calculate the change in φ with r over the light ray’s trajectory, we perform the
integral
α(r0) = 2
∫ ∞
r0
dφ
dr
dr − π = 2
∫ ∞
r0
φ̇
ṙ
dr − π, (1.11)
where α(r0) is the deflection of light due to a mass as a function of its point of closest
approach. This integral sums the deflection at each value of r from r0 to ∞. This
can be interpreted as the deflection that occurs during light’s trip from r0 to the
observer. The integral is multiplied by two to take into account the deflection that
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takes place during its trip from the source to r0. The term φ̇/ṙ can be expressed
using Eqs. (1.10) and (1.8). This yields:
α(r0) =
∫ ∞
r0
dr
2
r2
[
1
u2
− 1
r2
(
1 − 2M
r
)]− 1
2
− π. (1.12)
This expression can be simplified further if we note that dr/dλ disappears in Eq.
(1.10) at the minimum in r (defined as r0). This yields the following relationship
between r0 and u
u = r0
(
1 − 2M
r0
)− 1
2
. (1.13)
Substituting into Eq. (1.10), we obtain the expression for the bending angle in a
Schwarzschild spacetime
α(r0) =
∫ ∞
r0
dr
2
r2
[
1
r20
(
1 − 2M
r0
)
− 1
r2
(
1 − 2M
r
)]− 1
2
− π. (1.14)
This is very close to an exact expression of the deflection angle for light in a
Schwarzschild spacetime.
Now, I will show how to simplify the expression for the bending angle in the limit
of M/r0  1, which applies to most cases of astrophysical lensing. This condition
is called the “weak field limit.” This term comes from the fact that if M/r0 is small,
light never enters a strong gravitational field, even at its point of closest approach
to the lens. We perform a change of variable w ≡ 1/r, which turns Eq. (1.14) into
∫ 1/r0
0
dw
2
√
w20 (1 − 2Mw0) − w2 (1 − 2Mw)
− π. (1.15)
Since we are interested in performing this integral in the weak field limit, we can
consider M as a perturbation from flat spacetime (represented by the case M = 0).
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We can expand the integrand around M = 0. We can represent Eq. (1.15) as
integral of f(M), with f(M) represented by the Taylor expansion f(M) = f(0) +
Mdf(0)/dM + O(M2). The integral of the zero order term f(0) is
∫ w0
0
dw
2
√
w20 − w2
= π, (1.16)
which is what we expect from light traveling in flat spacetime — travel on a straight
line without deflection. The integral of the first order term Mdf(0)/dM is
∫ w0
0
dw
2 (w3 − w30)
(w20 − w2)
3/2
= 4w0 =
4
r0
. (1.17)
We use this to expand Eq. (1.14) to first order in M , with the result
α(r0) =
4M
r0
+ O
(
M2
r20
)
. (1.18)
The same result can be obtained by integrating Eq. (1.12) to first order in M/u.
This is performed in [4] with the result
α(u) =
4M
u
+ O
(
M2
u2
)
. (1.19)
This result is taken to O(M7/u7) in [55]. In the weak field limit, Eq. (1.13) reduces
to u ≈ r0. This makes the bending angle a function of the point of closest approach
α(r0) =
4M
r0
+ O
(
M2
r20
)
, (1.20)
which is used for almost all astrophysical considerations of lensing. Since this deriva-
tion depends on the O (M/r0) term dominating the higher order terms, this approx-
imation for the bending angle is only valid in the weak field limit. As can be seen
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Figure 1.2: The weak field approximation and exact bending angle as a function of
closest approach. The x axis is in terms of Schwarzschild radii. This figure shows
that, except for lensing in the immediate vicinity of very compact objects, the weak
field approximation is close to exact.
in Fig. 1.2, as long as the point of closest approach is not very close to a compact
mass, the weak field approximation is very accurate.
Once we have derived an expression for α(r0), we can incorporate this function
into the solution of the gravitational lens equation. Solving the gravitational lens
equation means relating the source position to the image position. This is a key
step along the road to deriving lensing observables. A typical lensing scenario is
depicted in Fig. 1.3.
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Figure 1.3: A light emitting source at S is lensed by a massive object at L and is
seen by an observer at angle θ; DLS, DL, θ, and β are, respectively, the distance
from the lens plane to the source plane, the distance from the observer to the lens
plane, the angle of the image relative to the optic axis, and the angle of the source
relative to the optic axis. Not shown in this figure is DS, is the total distance from
the observer plane to the source plane and is just DLS + DL in a flat spacetime.
Since all the lensed sources studied in this thesis are either galactic or in the nearby
universe, we do not need to account for the effects of a Friedmann-Robertson-Walker
(FRW) metric. See the further comment in Sec. 2.3.2.
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Using the small angle approximation (tan θ ≈ θ and sin θ ≈ θ) and pure geom-
etry, we can relate the quantities in Fig. 1.3 as
DSθ = DSβ +DLSα. (1.21)
Dividing both sides by DS, substituting in Eq. (1.20), and finally, from geometry,
using r0 = DLθ, we obtain
θ = β +
1
θ
4MDLS
DSDL
. (1.22)
This is a quadratic equation, and its solutions are
θ =
β ±
√
β2 + 4θ2E
2
, (1.23)
where
θE =
[
4M
DLS
DSDL
]
1
2
. (1.24)
There are, therefore, two solutions to the lens equation. This corresponds to the
fact that for a single, point source located at β, there are two visible images, one
on each side of the lens. When a source is perfectly aligned behind a lens, θE is
the angular size of the “Einstein ring” that forms. This is the lens equation; it
can be used to map images to sources or vice-versa. If all of the other parameters
are known, it can be used to determine the mass, M , of a lensing system. Aside
from image positions, lensing affects the brightness of the images, which are either
brighter or fainter than the source. We will now derive the expression for image
magnification.
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Since surface brightness is conserved, the surface brightness is the same for both
the image and source [1]. The ratio of the brightness of the two is therefore the
ratio of the solid angle each subtends across the sky. In a spherically symmetric
spacetime this ratio is expressed as
µ =
sin θ
sin β
dθ
dβ
, (1.25)
where µ is the magnification of the image (the ratio of the brightness of the image to
the source). Using the small angle approximation and Eq. (1.23), the magnification
of the two images is
µ =
1
4
(
β
√
β2 + 4θ2E
+
√
β2 + 4θ2E
β
± 2
)
(1.26)
This represents the extent of weak field formalism that will be needed for this
thesis. An important background assumption for the derivation of the lens equa-
tion from Fig. 1.3 is the use of the thin lens approximation in setting r0 = θDL,
which was necessary for deriving the lens equation from Fig. 1.3. The thin lens
approximation flattens the lensing process onto a single plane and assumes that
the entire deflection takes place on that plane. This approximation is valid when
the source and the observer are both far from the gravitational influence of the
lens. This is the case if the distance between the lens and source and the distance
between the lens and observer are much larger than the Schwarzschild radius of the
lens. Mathematically, the condition is DL, DLS  M . Equation (1.23) assumes
that the plane in which lensing occurs in the lens plane, as does the lens equation
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in [56], although this is not a necessary assumption [57]. In addition, the thin lens
approximation allows us to avoid coordinate ambiguities. From the perspective of
GR, many of the quantities defined in astrophysical lensing are ambiguous. Usually,
a lens is treated as a perturbation of a background spacetime (usually Minkowski
or FRW) and the coordinate positions of the source, lens, and observer are usually
defined in terms of the background spacetime. This is justified using the thin lens
approximation and by placing the source and observer in the asymptotically region
of the spacetime where the background metric is a full description.
The application of the thin lens approximation in astrophysical lensing is well-
justified: in a series of papers, Fritteli et al. [58, 59] define a lensing equation without
reference to a background spacetime and apply it to the case of the Schwarzschild
metric. Similar work is done in [60]. With a defined metric, these authors do
this by creating functions that can take the “time of arrival” of light and its point
on the sphere and turn it, based on the metric, into the coordinate location of a
source. From this, it is possible to predict image positions and image magnitudes.
They carry out a comparison of time delays and image angles with the thin lens
approximation for sources and angles located out of the immediate vicinity of the
source (at r = 3000M or 1500 Schwarzschild radii) and found that image positions
and time delays are very similar in the thin lens approximation and their exact
solution.
This concludes our review of the formalism for gravitational lensing in the weak
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field limit. While much of the formalism of weak field limit lensing is important
for study of gravitational lensing with large bending angles, the capabilities and
formalism of lensing with large bending angles is substantially different. In the
next section, I will review exciting recent developments in gravitational lensing, the
study of “Strong deflection limit ” (SDL) lensing, with an eye towards using SDL
lensing as a probe of modified gravity.
1.1.2 Strong Deflection Limit
The previous section on lensing relies on the assumption that light is only bent by
a small angle and the bending angle is first order in O(M/r0). This is true for
almost all of the lensing discussed in astrophysical literature. For example, in the
original experiment verifying GR, light’s closest approach to the center of the sun
was approximately R, and
M
R
≈ 4 × 10−6. (1.27)
This is small enough to neglect the second order effects. In [61], a survey of massive
galaxy clusters found that lensed sources formed Einstein rings of a maximum radius
of about 47”, which is as large an image separation as has ever been observed in
nature. Since
θE =
4M
r0
DLS
DS
, (1.28)
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we can solve for M/r0. Assuming DLS/DS is of order unity, this would yield M/r0 ≈
10−4. The assumption DLS/DS ≈ 1 is a good one, because M/r0 would only be
larger in the case DLS  DL, which is not common in nature. Therefore, for
astrophysical lensing involving the sun, galaxies, and galaxy clusters, M/r0 is never
large enough to invalidate the weak field limit. In this brief statement about lensing
by galactic clusters, we have neglected the effects of the background FRW metric, as
they would not lead to a much larger value forM/r0. In this section, we will examine
gravitational lensing in which light closely approaches a source and undergoes a large
deflection angle.
A black hole is a very compact source: light can theoretically originate close to
the event horizon and still reach an observer at ∞. For a point of closest approach
near the event horizon, M/r0 ≈ 1/2 and higher order terms in M/r0 cannot be
neglected. This invalidates the weak field form of the bending angle in Eq. (1.20)
and necessitates finding a more exact form for the bending angle. In addition,
large bending angles (as well as possible large source and image position) introduce
errors into the lens equation because the small angle approximation breaks down.
The extreme bending of light produces some interesting phenomena, such as the
production of “relativistic images” or images that form from the looping of photons
around the black hole. A photon that approaches close enough to a black hole can
loop once, twice, or any amount of times before reaching the observer, as seen in
Fig. 1.4. This effect leads to a theoretically infinite sequence of images on both
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sides of the black hole [56, 62]. Since the light for these images pass so close to a
black hole, they can only be treated with a more mathematically precise description
of the bending angle.
Source Plane
Lens Plane
Observer
Source Plane
Lens Plane
Observer
Figure 1.4: A sketch of the null geodesics forming the first two relativistic images
on the primary image side of the optic axis. The figure on the left represents the
first relativistic image, which forms when a photon loops around the black hole
once. The figure on the right represents the second relativistic image which forms
even closer to the black hole, after looping around twice. In reality, both images
are very close together on the lens plane and very close to the black hole’s photon
sphere.
A more exact form of the bending angle can be derived from the metric. This
is done by solving the null geodesic equations in Eq. 1.6 as done in [12]. This
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procedure can be generalized to a static, spherically symmetric metric, given most
generally by the form [2]
ds2 = −A(r)dt2 +B(r)dr2 + r2C(r)dΩ2. (1.29)
By redefining the coordinate r, we are free to choose the form of C(r). In this
thesis, we will often give analytic results for a generic C(r), but all metrics used for
calculations in this thesis will have the form C(r) = 1. This is known as the area
gauge. Equation (1.6) can be solved to yield the bending angle, an elliptic integral
based on the functions of the metric and is
α(r0) = 2
∫
r0
∞(B(r)
C(r)
)1/2
[
(
r
r0
)2
C(r)
C(r0)
A(r0)
A(r)
− 1
]−1/2
dr
r
− π. (1.30)
As r0 gets smaller, the bending angle gets larger, as seen in Fig. 1.2, until it diverges
for some value of r0. That value is the size of the photon sphere. The size of the
photon sphere is given by the solution of the equation [63]
A′(r)
A(r)
=
(r2C(r))
′
r2C(r)
, (1.31)
where a prime denotes a derivative with respect to r. The size of the photon sphere
is r = 3M in the Schwarzschild spacetime.
With Eq. (1.30), we have a more exact form for α(r0). This also necessitates an
updated lens equation. A variety of new lens equations have been proposed recently
[58, 60, 64, 65, 66, 57]. The derivation and accuracy of each lens equation is studied
in [57]. To compare my results with previous results in the literature, I use the
19
Virbhadra-Ellis (VE) lens equation in Eq. (1.32) for Sec. 2, whereas I use the lens
equation of [64] in Sec. 3. The VE lens equation is derived from a consideration of
the geometry of Fig. 1.3 [56]. Like the weak field lens equation in Eq. (1.23), the
VE equation makes the assumption that the “thin lens” plane where lensing takes
place is the plane that contains the lensing mass. The VE equation is
tanβ = tan θ − DLS
DS
[tan (α− θ) + tan θ] . (1.32)
Because of the thin lens approximation and the placement of the thin lens plane
in the same plane as the lens (which is not necessarily the most accurate placement),
the VE equation is not an exact solution. While it is possible to have an exactly
solved lens equation and obtain a truly exact solution [58, 59, 60], the errors due
to the approximate lens equations used in this paper are smaller than any effect we
are looking for. We therefore use the approximate lens equations, as they are much
more robust for use in deriving results.
A lot of early work on lensing near black holes referred to the “strong field
limit” [67, 63], but this terminology was corrected by [68], who pointed out that the
gravitational field outside a large black hole can be small. This is because spacetime
curvature goes as
RαβγδR
αβγδ
∝
1
M4
(1.33)
outside a black hole. The bending angle for light approaching the photon sphere will
still be unbounded, but at no point does the light go through a strong gravitational
field if the black hole is very large. Hence, the term Strong Deflection Limit (SDL)
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is more appropriate. In the next section, I will review a simple formalism for dealing
with SDL lensing.
SDL Approximation
Solving the lens equation in Eq. (1.32) to obtain image positions and magnifications
can be done numerically, as in [56]. I develop my own numerical algorithm in Sec.
2. However, there is another method which yields an analytic formula for image
observables and is therefore useful for a variety of applications (such as integrating
over an extended source [69], or summing the magnifications of an infinite series of
relativistic images [70]). We call this the SDL approximation.
Early attempts at developing an analytic approach to relativistic images were
made by [62, 64, 1]. More recently, [67] expressed Eq. (1.14) as an expansion
of an elliptic integral which diverged at the photon sphere. They found the first
order expansion of the elliptic equation from its divergence at the photon sphere
and used it in place of Eq. (1.20). This approach is later used to calculate lensing
observables in the braneworld scenario [69]. The approach we will be working with
in this paper was developed by [71] and we will review the formalism with the intent
of demonstrating its range of effectiveness in Sec. 2.2.
We start with the equations of motions in Eq.(1.6) for the generalized metric in
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Eq. (1.29). The conserved quantities are
E = A(r)ṫ (1.34)
J = C(r)φ̇, (1.35)
and the equations of motion can be solved for
ṙ = ± E√
BC
√
C
A
− u2. (1.36)
I have suppressed the dependence on r in the metric functions A(r), B(r), and C(r).
For a photon travelling with ṙ < 0, Eq. (1.36) must vanish for the photon to
invert its motion and avoid falling into the black hole. For a given value of u and
assuming the function C/A has a single minimum, ṙ = 0 will occur when
C(r0)
A(r0)
= u2, (1.37)
where r0 is, again, the point of closest approach. Since C/A is lower-bounded, this
equality can only be satisfied if u is greater than the minimum value
um =
√
Cm
Am
, (1.38)
where Am ≡ A(rm). The point rm represents the radial coordinate of the photon
sphere and is the point at which C/A has its minimum. If u is lower than um, the
photon will fall into the black hole.
With these definitions in mind, we rewrite Eq. (1.30) as
αi =
∫
r0
Di
u
√
B
C
(
C
A
− u2
)−1/2
dr − π
2
, (1.39)
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with Di = DLS, DL, breaking the bending angle integral into two parts — the
first for the infall and the second for the portion of the photon’s path from the
point of closest approach (r0) to the observer. For all calculations in this thesis,
we will assume DL = DLS ≈ ∞, but for this derivation, we will follow [71], which
generalizes for arbitrary DL, DLS. In the SDL, the point of closest approach will be
near the photon sphere (r0 ≈ rm). We are particularly interested in the behavior of
the integral in Eq. (1.39) for r near rm. To aid this analysis, we define the function
R(r, u) ≡ C(r)
A(r)
− u2. (1.40)
From the previous discussion, we have shown that R(r, u) has a minimum at r0
for any u, as long as u is greater than um. The function R(r, u) vanishes at (r0, u)
by definition of r0 and at (rm, um) by definition of um. We are interested in the
properties of the bending angle for a null geodesic with a value for r0 that is very
close to the photon sphere at rm. We, therefore, find it convenient to parameterize
the point of closest approach with δ as
r0 = rm (1 + δ) . (1.41)
A point of closest approach close to rm corresponds to an impact parameter that is
also very close to the minimum and we parameterize it with ε:
u = um (1 + ε) . (1.42)
The properties ofR(r, u) allow for expansion in orders of ε and δ. Since R(rm, um) =
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0 by definition, and ∂R
∂r
(rm, um)rm = 0 because R(rm, um) is a minimum, we can ex-
pand
R (r0, u) = 0 =
1
2
∂2R
∂r2
(rm, um) r
2
mδ
2 +
∂R
∂u
(rm, um)umε. (1.43)
This leads to the simple relationship between ε and δ of
ε = − βm
2u2m
δ2, (1.44)
where
βm ≡
1
2
∂2R
∂r2
(rm, um) . (1.45)
We would now like to expand the function R (r, u) using Eq. (1.44). We wish
to express r in terms of its distance from r0, so we introduce the parameterization
r =
r0
1 − η , (1.46)
with 0 ≤ η ≤ 1 covering r0 < r <∞. We can now expand out R (r (η) , u). This is
done to second order in η and δ and to first order in ε leading to the result [71]
R (η, u) ≈ R (rm, um) + rm
∂R
∂r
(rm, um)
(
δ + η + δη + η2
)
+
1
2
r2m
∂2R
∂r2
(rm, um) (δ + η)
2 +
∂R
∂u
(rm, um) umε. (1.47)
Since the first two terms vanish, and the ε term cancels with the δ2 term because
of Eq. (1.44), we are left with the following relationship:
R (η, u) = βm
(
2δη + η2
)
+ O
(
η2
)
. (1.48)
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This form of R (η, u) is then put into the bending angle integral in Eq. (1.39).
This is a key step in the derivation of the approximation of the bending angle as a
logarithmic function.
We have gone through this part of the derivation in detail because we will
comment in Sec. 2.2 about the validity of leaving off the higher-order terms in ε
and δ. From here, [71] uses this expansion of R(r, u) to perform the integration
in Eq. (1.39) which includes steps that are not reproduced here. Eventually, they
parameterize the position of the source (DLS) and the observer (DL) with η so that
Di ≡
r0
1 − ηi
, (1.49)
with i = DLS, DS. Eventually, [71] finds that the bending angle is
α = alog
4ηOηS
δ2
+ bO + bS − π, (1.50)
with the subscript O and S corresponding to the observer and source, respectively,
and a and bi are functions of the metric
a = rm
√
Bm
Amβm
(1.51)
bi =
∫ ηi
0
dη Sign(η)g(η) (1.52)
g(η) = um
√
B(η)
C(η)
[R(η, um)]
−1/2 rm
(1 − η)2
−
um√
βm
√
Bm
Cm
rm
|η| . (1.53)
This result reproduces [63] in the case ηO = ηS = 1, which corresponds to the
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observer and source at infinity. This simplification does not affect results when the
source and observer are in the asymptotically flat region where no further deflection
takes place. In this thesis, we assume a distant source and observer, and we use the
formalism of [63] to calculate the bending angle
α(θ) = a log
(
θDL
um
− 1
)
+ b, (1.54)
where
a ≡ a
2
(1.55)
b ≡ −π +
∫ 1
0
g(η)dη + a log
2βm
Am
. (1.56)
We now have a simple logarithmic term that expresses the bending angle in terms
of image position. Because of the relationship between θ and r0 expressed by u =
DLθ and Eq. (1.13), Eq. (1.54) can also be expressed in terms of the point of
closest approach. To use this form of the bending angle for calculation of lensing
observables, [63] derives a lens equation simpler than the VE lens equation
β = θ − DLS
DS
∆αn, (1.57)
where ∆αn is the bending angle once 2πn has been subtracted to account for the
“loops” that the photon has made around the black hole. We can easily solve for
θn0 which is the image position that corresponds to a bending angle α(θ) = 2πn:
θ0n =
um
DL
(1 + en) (1.58)
en ≡ e
b−2nπ
a . (1.59)
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The image position for a given source position β is then given by θn0 and a
correction term:
θn = θ
0
n +
umen (β − θ0n)DOS
aDLSDL
. (1.60)
The correction is much smaller than θn0 . From Eq. (1.60), it is straightforward to
derive the magnification given in Eq. (1.25). When applied to the nth relativistic
image, it is
µn = en
u2m (1 + en)DOS
aβD2LDLS
, (1.61)
where µn is the magnification of the n
th relativistic image.
This outlines the SDL approximation, which is valid in the strong deflection
limit. This limit applies to light with point of closest approach that is very near
photon sphere. We will use the SDL approximation in this thesis to compare results
with the purely numerical method in Sec. 2.3. Also, in Sec. 2.2, we examine whether
there are any circumstances under which the higher order terms in Eq. (1.43) would
be relevant and, therefore, interfere with this form of the SDL approximation.
A primary motivation for developing a formalism for analysis of gravitational
lensing in the SDL is differentiating between image properties in GR and images
in extra dimensional theories. In the next section, we briefly review some of the
physics of extra dimensions.
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1.2 Extra Dimensions
1.2.1 Universal Extra Dimensions
As extraordinary as they sound, extra dimensions have been a part of physics re-
search for a very long time (see review in [72]). An early proposal for an extra di-
mension was Kaluza’s attempt to unify GR with the electromagnetic force by adding
a fifth dimension. Kaluza accomplished this by incorporating the electromagnetic
vector potential into a 5D metric. When the fifth dimension was integrated out, the
Einstein-Hilbert action became that of 4D gravity coupled to an electromagnetic
field (in addition to a dynamical scalar field term). Kaluza improved on this idea
by suggesting compactification of the extra dimension — identifying y = y + 2πR,
where y is the coordinate of the extra dimension. An illustration of this scenario is
given in Fig. 1.5.
Kaluza-Klein theory has been mainly abandoned as an approach for unifying
other forces with gravity, but was instrumental in introducing extra dimensions as
well as the idea that the U(1) symmetry in electromagnetism originates from a
local coordinate invariance. Since the 1970s, there has been tremendous research
into string theory. Superstring theory requires the existence of ten spacetime di-
mensions for mathematical consistency (and there are eleven spacetime dimensions
in M-theory). As mentioned earlier, there are two alternatives to reconcile ten
dimensional string theory with the fact that the observed universe only has four:
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Figure 1.5: This figure gives a depiction of the Kaluza-Klein theory. Our four
dimensional world is represented by a line going up the length of the cylinder while
the fifth dimension goes around the circle. If the circle is very small, up to the size
of bounds currently probed by colliders (about a TeV−1 or 10−17 cm, we would not
notice its existence.
compactification onto small dimensions and confinement of non-gravitational fields
onto a brane.
Extra dimensions that allow propagation of all fields are called “universal extra
dimensions.” The propagation of fields in extra dimensions creates states in 4D
that would otherwise not exist. These states are known as the KK tower. For a 5D
theory where the fifth dimension is a circle of S1 of radius L (compactification on
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a circle), a 5D field can be Fourier expanded as
f(xα, z) =
∑
n
e
inz
L fn(x
α), (1.62)
where fn are the amplitudes of the KK modes in 4D and z is the coordinate of the
extra dimension. The field solves the 5D wave equation
(5)
f = M2f, (1.63)
which becomes in 4D
f + ∂2zf = M
2f ⇒ fn =
n2
L2
fn +M
2fn. (1.64)
The n = 0 mode is the normal 4D field. However, there is now an infinite tower
of massive states. This analysis holds for all Standard Model fields as well as for
the graviton. Since these modes have never been observed, current bounds on the
size of a single extra dimension from current collider data are R ≈ (700 GeV)−1 ≈
10−17cm, where R is the radius of the extra dimension [73]. If extra dimensions are
universal, they must be smaller than this bound. However, developments in string
theory in the last twenty years have focused attention on extra dimensions that
evade this bound, as will be explained in the next section.
1.2.2 Braneworld
In 1995, the existence of D-branes in string theory was discovered [35, 74, 75]. A D-
brane is a “membrane” with D spatial dimensions upon which open strings can end
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in Dirichlet boundary conditions; while open, strings are “stuck” to the membrane
as in Fig. 1.6. Closed strings, on the other hand, are free to move from membrane
to membrane. Closed strings are identified with the gravitational sector, while open
strings describe the matter fields. These developments were incredibly important
and helped set off the “second superstring revolution.” For the purposes of this
thesis, the most important development was the realization that this allowed for a
new class of extra dimensional theories, known as braneworld theories.
The idea of confining standard model fields on a brane while letting gravity
propagate into the bulk is a key feature of the model by Arkani-Hamed, Dimopoulos,
and Dvali (ADD) [36, 37, 38]. This allows for extra dimensions with far weaker
bounds on size than universal extra dimensions in which all fields propagate in all
dimensions. In ADD, standard model fields are confined to a 3D brane, while gravity
propagates in the higher dimensional bulk. Gravity is intrinsically TeV scale, but
is “diluted” by spreading out into the bulk. This explains why we observe the
hierarchy between the electroweak and gravitational scales.
The ADD model proposes that there are an arbitrary number of extra dimensions
and these dimensions are large compared to the Planck scale. There is a four-
dimensional brane embedded within a 4+n dimensional bulk, with D-branes as one
proposed confinement mechanism. The extra dimensions are of finite size R. This
scheme is illustrated in Fig. 1.7. What is particularly noteworthy about ADD is
that the confinement of SM fields to the brane means that there is no KK tower
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Figure 1.6: This figures schematically illustrates the concept of a D-brane. Several
strings are shown. The open strings represent the matter fields of the standard
model. The endpoints of these strings are attached to the D-branes. The two
closed strings in between the D-branes represent the gravitational sector and are
not constrained to the D-branes.
for SM fields and, therefore, no particle collider constraints on the size of the extra
dimensions. There are constraints from tests of gravity’s inverse square law, with
current constraints of R < 44µm from tabletop experiments of the inverse square
law [76]. There are also additional constraints from neutron star cooling [77]. A
very noteworthy feature of ADD is its solution for “hierarchy” problem — that the
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Planck scale associated with gravity, about 1016 TeV, is so much greater than that
associated with the electroweak scale of about a TeV.
Figure 1.7: This figures illustrates the ADD braneworld. Our four dimensional
brane is represented by the line going up the cylinder. The fifth dimension goes
around the circle of the cylinder. Since Standard Model fields are constrained onto
the bulk, the radius of the fifth dimension can be relatively large and we still would
not notice it.
ADD propose that the fundamental scale of gravity Mf is actually much lower
than our observed scale, the Planck mass Mp. This is accomplished by assuming
that gravity is actually much stronger than it appears to be, but that gravity is
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“diluted” into the extra dimensions. If there are n extra (flat) dimensions in the
bulk, the action is
S = M2+nf
∫
dn+4xR̂, (1.65)
where R̂ is the Ricci scalar is n+4 dimensions. The gravitational potential between
two masses separated by a distance r  R is:
V (r) ≈ m1m2
M2+nf
1
r1+n
. (1.66)
However, on scales r  R the potential becomes
V (r) ≈ m1m2
M2+nf
1
Rnr
. (1.67)
The observer on scales r  R sees the fundamental scale not as Mf but as the
effective Planck scale Mp with
M2p = M
2
f (MfR)
n. (1.68)
Equation (1.68) shows that if R > M−1f the gap between the fundamental scales
and the observed Planck scale is bridged. For R or n large enough, one can set Mf
to be the electroweak scale and still obtain the observed Planck mass for Mp. As
mentioned earlier, there are stringent constraints on R from tabletop experiments,
which seem to exclude the n = 1 case [76], and the neutron star cooling constraints
come close to ruling out the n = 2 case as well [77].
The idea of large extra dimensions has opened a new direction in physics re-
search. This is largely because the experimental consequences of large extra dimen-
sions are much more accessible. For example, if there is an extra dimension at the
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TeV scale, the Large Hadron Collider (LHC) operating in Switzerland would be
expected to see black holes that would otherwise not form [78, 79].
The ADD model treats all its extra dimensions identically, and the extra di-
mensions are usually flat. A theory that followed closely on its heels, the Randall-
Sundrum (RS) braneworld model, adds several extra elements to its extra dimen-
sional model and has phenomenological features that reflect some aspects of M-
Theory, as will be discussed in the next section.
1.3 Randall-Sundrum Braneworld
The Randall-Sundrum models is inspired by heterotic M-theory, which emerges
from the 11-dimensional Horava-Witten solution in which standard model fields
are confined onto two 1 + 9 branes separated by a finite interval. The branes can
be thought of as fixed points of S1/Z2 symmetry (see Fig. 1.8) along the 11
th
dimension [80]. The choice of S1/Z2 symmetry on the 11
th dimension in heterotic
M-theory gives rise to an E8 × E8 gauge theory on each brane. This was turned
into an effective 5D model, heterotic M-theory, with a developed phenomenology by
[81, 82, 83]. In this model, six extra dimensions are then compactified on a Calabi-
Yau manifold, setting up a 5D effective gravitational theory on the brane. The two
end-of-the-world branes in heterotic M-theory can be identified as the two fixed
points (θ = π and θ = 0) of the S1/Z2 symmetry. These ideas were used by Randall
and Sundrum to create a toy model of heterotic M-theory, in which the moduli are
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stabilized at least to laboratory scales and the only content in the bulk is a negative
cosmological constant. In the RS I model, there are two 3-branes corresponding to
the two fixed points of S1/Z2 symmetry and a bulk with a negative cosmological
constant. This model can be used to solve the hierarchy problem even with just a
single, large extra dimension. The RS II model, in which there is one brane and a
negative cosmological constant in the bulk, can be seen as the RS I model with the
brane separation taken to infinity. While this model does not solve the hierarchy
problem, remarkably, 4D gravity is reproduced on the brane, making it a useful
model for gravity. We will now comment on the specifics of both RS models.
1.3.1 Randall-Sundrum I
In RS I, there are two 3-branes that are bounding a slice of anti-de Sitter (AdS)
space. The branes are located at θ = 0 and θ = π. Orbifold symmetry is imposed
in the condition
(xµ, θ) = (xµ,−θ). (1.69)
We also make θ periodic with period 2π, completing the S1/Z2 symmetry, as pic-
tured in Fig. 1.8. Randall and Sundrum assume that the bulk is filled with a neg-
ative cosmological constant and that the branes are gravitating objects endowed
with tension. They solve the 5D Einstein equations for the exact form of the met-
ric. The Einstein-Hilbert action is broken down into contributions from gravity and
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Orbifold Fixed PointOrbifold Fixed Point
Θ
Figure 1.8: This figure gives a pictorial representation of the S1/Z2 symmetry.
The two red fixed points divide the circle into two distinct semicircles. Folding the
circle identifies a point on each semicircle with a point on the other one. This is
the orbifold (Z2) symmetry. The fixed points are special because they are identified
with themselves. In the correspondence between M-theory and RS I, the branes are
identified with the fixed points.
from the two branes:
S = Sgravity + SPlanckbrane + STeVbrane, (1.70)
where
Sgravity =
∫
d4x
∫ π
−π
dθ
√
−G
(
−Λ + 2M35R
)
, (1.71)
SPlanckbrane =
∫
d4x
√−gPlanckbrane (LPlanckbrane − λPlanckbrane) , (1.72)
STeVbrane =
∫
d4x
√
−gTeVbrane (LTeVbrane − λTeVbrane) . (1.73)
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Figure 1.9: This figure demonstrates the RS I braneworld scenario. Two end-of-
the-world 3-branes bound a slice of AdS space with a cosmological constant Λ. On
the Planckbrane, gravity is a strong force. Because of the cosmological constant,
the probability function of the graviton drops exponentially by the time it gets to
the TeVbrane, where we live and perceive gravity as a weak force.
The determinant of the 5D metric is G, M5 is the fundamental mass scale in 5D,
and λ is the tension of the specified brane. We will shortly see why the subscripts
“Planckbrane” and “TeVbrane” are appropriate.
Randall and Sundrum propose the non-factorizable ansatz for the metric that
preserves Lorentz invariance on the brane
ds2 = e−2σ(θ)ηµνdx
µdxν + dθ2. (1.74)
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The Einstein equations are solved in [39] and yield the conditions
6σ′2 = − Λ
4M35
, (1.75)
3σ′′ =
λPlanckbrane
4M35
δ (θ) +
λTeVbrane
4M35
δ (θ − π) , (1.76)
where primes denote derivatives with respect to θ. The derivative in Eq. (1.75) is
constant in θ. Along with the condition θ = −θ, this yields the solution
σ(θ) = |θ|
√
−Λ
24M35
. (1.77)
A sketch of the function σ is in Fig. 1.10. There is a discontinuity in the first
derivative of twice the value of σ′(0), which is
√
−Λ/24M35 . The discontinuity of
the first derivative is the same size but opposite in sign at θ = π. We can write this
condition as
σ′′ = 2
√
−Λ
24M35
[δ (θ) − δ (θ − π)] . (1.78)
Matching Eqs. (1.76) and (1.78), we obtain
λTeVbrane = −λPlanckbrane ≡ λ, (1.79)
Λ = − λ
2
24M35
. (1.80)
This analysis shows that Λ must be negative and finely-tuned with the brane ten-
sions for the preservation of Lorentz invariance and flatness on the brane.
Since the extra dimension can be periodic in any size, before writing the metric,
we define the coordinate z ≡ Lθ/π. The function σ is redefined
σ = |θ|
√
−Λ
24M35
≡ |z|
l
, (1.81)
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Figure 1.10: This figure shows the variation of the function σ with θ. Of particular
note are the cusps, which are at the location of the branes at θ = 0 and θ = π.
The tension of the brane supplies this discontinuity in σ′ and the values of the bulk
cosmological constant and brane tension must be finely tuned to preserve brane
flatness and Lorentz invariance on the brane.
where l can be considered the characteristic size of the extra dimension and is
defined as
l ≡ L
π
√
24M35
−Λ . (1.82)
This puts the RS metric in Eq. (1.74) into the form
ds2 = e−2|z|/l[ηµνdx
µdxν ] + dz2. (1.83)
The RS I model offers a solution to the hierarchy problem as follows. The
exponential warp as one travels from the Planckbrane to the TeVbrane sets the
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relationship between the scales on each brane. The relation is
M(z) = M5e
−z/l, (1.84)
where M(z) is the observed Planck scale on the brane located at z. Since our brane
is located at z = L, the observed Planck mass on the TeVbrane is M5e
−L/l. For a
specified size of either l or L, it is straightforward to calculate what value of the
other would solve the hierarchy problem. For example, if l was set to M−15 , a value
L ≈ 40M−15 would result in a fundamental TeV scale on the Planckbrane and the
effective Planck scale on the TeVbrane. An extra dimension only slightly bigger
than the fundamental scale is enough to generate a large mass hierarchy. Indeed,
in the words of Randall and Sundrum, a large mass hierarchy from a small extra
dimension.
1.3.2 Randall-Sundrum II
The RS II scenario can be seen as the RS I scenario with the second brane taken
to infinity (L→ ∞). There is a single, positive tension brane and an infinite extra
dimension. In this model, the fundamental scale is “diluted” by gravity leaking into
the brane. While in ADD, Eq. (1.68) implies that an infinite extra dimension will
result in an observed Planck mass of zero, the extra dimension is infinite in RS II
and there is still a finite observed Planck mass. Because of the negative cosmological
constant, the infinite volume only has a finite contribution to the “effective volume.”
Indeed, the relationship between the fundamental mass and the observed Planck
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Figure 1.11: This figure demonstrates the RS II braneworld scenario. In this
theory, all matter is confined onto a single brane. The extra dimension is infinite,
but 4D gravity is recovered on the brane due to the confining effect of the negative
cosmological constant Λ.
mass is
M2p = M
3
∫ ∞
0
e−2z/ldz = M35 l. (1.85)
This does not offer a solution to the hierarchy problem, because l would have be
incredibly large to allow M5 to be TeV scale. This is because, in contrast with RS
I, the difference between the mass scales in RS II is not due to a redshift factor,
but due to the infinite bulk’s finite contribution to the volume.
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The infinite extra dimension leads to a continuum of massive KK modes for the
5D graviton. However, these modes are suppressed by the curvature of the bulk
and 4D gravity is recovered on the brane to leading order[40], a result that will be
discussed in connection with the Garriga-Tanaka metric. The ability to have 4D
gravity in a 5D theory without compact dimensions is quite a remarkable property,
making RS II is a simple model for an extra dimensional theory. This thesis will
utilize the gravitational properties of black holes in RS II, which will be reviewed
in the next section.
1.3.3 Black Hole Metrics in the Randall-Sundrum Braneworld
In the previous section, we derived the metric in the Randall-Sundrum braneworld.
The solution, in Eq. (1.83), assumed branes (or a brane) with tension and a bulk
with a negative cosmological constant, but did not include matter on the brane.
The metric in the presence of matter is a much more complicated problem, as the
implementation of matching conditions on the boundary between the brane and the
bulk is very difficult. In this section, we will briefly review the literature on several
braneworld black hole solutions.
There is no known full 5D solution for a braneworld black hole [84, 85]. Although
[86] has shown the existence of a static black hole in a 2+1 brane setup, it is unclear
what the solution is and whether there even is a static black hole solution in the
corresponding 3 + 1 brane scenario [87, 88, 89, 90, 91]. One approach to finding
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the black hole metric is to write down the induced Einstein equations on the brane
and attempt to solve them. In [89], the induced Einstein equations on the brane
are derived to be
Gµν = −Λgµν + κ2Tµν + 6
κ2
λ
Sµν − ξµν + 4
κ2
λ
Fµν , (1.86)
where Λ is the 4D cosmological constant which comes from a combination of the 5
dimensional cosmological constant and the brane tension, κ is related to the coupling
constant in 5D as well as the brane tension λ, Sµν is a term that is second-order in
the stress-energy tensor, Fµν expresses contributions from the 5 dimensional stress-
energy tensor aside from the 5 dimensional cosmological constant [89, 92], and ξµν
is the double contraction of the Weyl tensor with the unit normal to the brane.
The derivation of Eq. (1.86) is performed in [92]. We are interested in a static,
vacuum solution to this equation. To find the vacuum solution around a source, the
following assumptions are made: i) the brane tension is finely tuned so that Λ in
4D is zero. ii) Because we deal with a vacuum solution in 4 dimensions, the terms
Tµν , Fµν , and Sµν are zero outside the source. This reduces the vacuum Einstein
equations to
Rµν = −ξµν , (1.87)
with constraints
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Rµµ = 0 = ξ
µ
µ, (1.88)
∇νRµν = 0. (1.89)
Equation (1.87) is not closed with respect to information on the brane, because ξµν
reflects bulk effects. In order to find a solution to these equations, some assumptions
must be made about the form of ξµν to close the equations on the brane. There
are several possible solutions for a braneworld black hole and below, we will review
some solutions that will be relevant for later discussions in this thesis.
The Black String
The RS metric in the absence of matter in Eq. (1.83) solves the 5D Einstein
equations
Rab −
1
2
Rgab = −Λ5gab, (1.90)
where the indices a, b run from 0 to 4. Substituting ηµν for any 4D Ricci flat metric
will leave the left side of the 5D Einstein equations in Eq. (1.90) unchanged and,
therefore, be a solution as well. The most natural solution to attempt would be the
Schwarzschild metric [93]. In this case, Eq. (1.83) is modified to be
e−2|z|/l[gµνdx
µdxν ] + dz2, (1.91)
where gµν is the Schwarzschild metric of Eq. (1.5). This solution has the value
ξµν = 0, which means that bulk effects result in no correction on the brane. Each
4D slice of the bulk has the Schwarzschild geometry.
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However, there are several difficulties with this metric. It is unreasonable that
gravity in the braneworld should be identical to 4D gravity (and a known correction
is discussed in the next section), but this is completely absent for the black string.
Additionally, it seems unreasonable for matter confined to a brane, yet there being
a horizon at the Schwarzschild radius as z → ∞. The behavior of the black string as
z → ∞ is problematic, as the Kretschmann scalar (square of the Riemann tensor)
is
RαβγδR
αβγδ =
40
l2
+
48M2
r6
e4|z|/l, (1.92)
which contains a divergence in curvature as z goes to infinity — which one certainly
would not expect from matter confined to a brane at z = 0! In addition, the black
string is subject to Gregory-Laflamme instabilities [94]. While this metric is not a
viable candidate for the 5D braneworld black hole metric, it has proved useful for
the study of gravitational waves in the braneworld [72]. Since the metric on the
brane is purely Schwarzschild and light is confined to the brane, the black string
metric will not yield any new results and will not be studied in this thesis.
Large Distance Limit
In [40, 95], linearized gravity around a point mass in the RS II braneworld is studied.
This solution can be considered as a black hole solution, and we use it to study black
hole lensing in the RS II scenario.
In RS II, the 5D graviton is split into a zero mode and a continuum of KK
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states. The Einstein equations in 5D are linearized and applied to a perturbation
around the RS metric in Eq. (1.83). This results [40] in the wave equation
[−m2
2
e2k|z| − 1
2
∂2z − 2kδ(z) + 2k2
]
ψ(z), (1.93)
where ψ(z) is the amplitude of the perturbation h(x, z) = ψ(z)eip·x. The brane
coordinates are represented by x and p2 = m2, where m is the mass of the KK
mode. After a coordinate change, [40] obtains
[
−1
2
∂2y + V (y)
]
ψ̂(y) = m2ψ̂, (1.94)
where y ≡ sgn(z)
(
ek|z| − 1
)
, ψ̂(y) ≡ ψ(z)ek|z|/2, and ĥ(x, y) ≡ h(x, z)ek|z|/2. The
potential term is
V (y) =
15k2
8
(k|y| + 1)2 − 3k
2
δ(y). (1.95)
Equation (1.94) looks like the Schrodinger equation. The delta function represents
an attractive potential and will support a single bound state. This is identified
with the zero mode, which is the massless 4D graviton. The other term in the
potential goes to 0 as y goes to ∞. This means that the rest of the states will
be asymptotically plane waves. After finding the solution for this potential and
expanding the solution in the limit of small m|y| and integrating over the continuum
of KK, [40] find the leading terms of the gravitational potential to be
V (r) =
M
r
(
1 + O
(
l2
r2
))
. (1.96)
A more complete analysis was performed by [95]. They treated a metric that is
perturbed from the vacuum RS metric in Eq. (1.83). They found the equations of
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motions for the perturbation hµν and solved them using the junction conditions on
the extrinsic curvature at the brane. The result is
h00 = −
2M
r
(
1 +
2l2
3r2
)
, (1.97)
hij =
2M
r
(
1 +
l2
3r2
)
. (1.98)
In this case, the weak field potential is
V (r) = −1
2
h00 =
M
r
(
1 +
2l2
3r2
)
, (1.99)
which is more precise that the form found by [40] in Eq. (1.96). The full form of
the perturbed metric for the RS braneworld with matter is
dS2 = −
(
1 − 2M
r
− 4Ml
2
3r3
)
dt2 +
(
1 +
2M
r
+
2Ml2
3r3
)
dr2 + r2dΩ2. (1.100)
We refer to this metric as the Garriga-Tanaka (GT) metric.
The derivation of this metric assumed two limits. The first was linearizing
gravity by assuming M/r  1, the weak field limit. The second limit is that the
distance probed are much greater than the AdS length, or r  l. If a black hole
is large, the region immediately outside it satisfies the limit r  l, but we do not
necessarily deal with the linear regime. Indeed, the GT metric is only expected to
work in the linear regime, as the Ricci scalar does not vanish beyond first order in
M [72]. The Ricci scalar should vanish, as ξµν is traceless, so the GT metric cannot
be the metric that covers the entire brane. However, to first order, this metric is
correct and, therefore, the correct metric in the limits r  l and M/r  1. In the
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next section, we will explore other metrics that may describe a RS black hole in the
non-linear regime.
Short Distance Limit
If a black hole is small enough and is probed at a small enough distance, we can
consider the black hole as a 5D Schwarzschild black hole. On a length scale small
compared to l, the observer does not “see” the AdS curvature and it does not greatly
affect the geometry of the black hole. Finding the metric can be done using the
Myers-Perry general form for the induced metric in 4D for a higher dimensional
black hole [96, 79]. The 4D induced metric on the brane is [79]
dS24 = −
(
1 − r
2
H
r2
)
dt2 +
(
1 − r
2
H
r2
)−1
dr2 + r2dΩ2, (1.101)
where the black hole horizon radius rH is given by
rH =
√
8
3π
(
l
lp
)
1
2
(
M
Mp
)
1
2
lp. (1.102)
We refer to this metric as the Myers-Perry metric.
Two conditions must be met to justify using this metric. Firstly, the size of the
black hole must be much smaller than the size of the AdS dimensions, or rH  l.
Also, the distance probed must be small compared to the AdS length so that the
observer experiences a flat geometry. This condition is r  l, the domain in which
the graviton does not differentiate between the AdS dimension and the flat brane
dimensions. This metric is used for the study of tiny black holes in the early universe
and at the LHC [97, 98, 78].
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Tidal Reissner-Nordstrom
An important braneworld black hole solution is the “tidal” Reissner-Nordstrom
(TRN) metric of [99]. This metric is intriguing because it displays 5D behavior
at short distances and 4D behavior at large distances. It does not reproduce the
Garriga-Tanaka metric at large distances, nor the Myers-Perry metric at short dis-
tances, but may be valid in an intermediate regime.
The TRN metric [99] comes from the showing that all the constraints known for
ξµν (symmetric, trace-free, and conservation equations) are satisfied by the stress
energy tensor associated with the Einstein-Maxwell solutions of the standard 4D
Einstein equations. By making the equivalence
κ2Tµν ↔ −ξµν (1.103)
and using the appropriate choice of constants, a solution to Eq. (1.86) is found:
ds2 = −
(
1 − 2M
r
+
Q
r2
)
dt2 +
(
1 − 2M
r
+
Q
r2
)−1
dr2 + r2dΩ2. (1.104)
This solution has the form of GR’s Reissner-Nordstrom solution, but there is
no electric field on the brane — Q is an effect of the gravitational field in the bulk.
In the Reissner-Nordstrom solution, Q would be the square of the source’s electric
charge, and therefore, Q would necessarily be positive. In the TRN solution, a
negative value of Q is a solution as well — and since Q < 0 would strengthen
gravity, we would expect the solution to take this form in the braneworld. This
metric cannot cover the entire spacetime because it has the wrong form in the
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long distance limit, which is Eq. (1.100). In addition, the size of the Q term is
constrained by solar system observations [100]. Therefore, we consider the TRN
metric to be a solution that is valid only in a region of spacetime near the black
hole.
If the TRN metric is taken to only apply in the strong field, Q is weakly limited
by studies of neutron stars [101] and perhaps potential observations of event horizon
structure at Sgr A* [102], which are still inconclusive. This metric is an interesting
candidate for the strong field because the Q/r2 term is suggestive of a 5D potential
that one would expect to see in a Randall-Sundrum braneworld. A 5D metric would
have only a 1/r2 term and the 4D metric has only the 1/r term. The presence of
both terms in the TRN metric is suggestive, as the Randall-Sundrum braneworld
can be seen as an effective 4D theory with a 5D correction. In addition, [103] has
shown that the TRN family of solutions is the unique solution for a non-static, non-
rotating star in the RS II scenario, which suggests that it is likely to be a solution
for static black holes as well.
However, there is evidence that this metric does not apply to large black holes.
There are several problems with the TRN metric beyond its speculative choice for
ξµν : numerical studies suggest that supermassive black holes in the braneworld
should have induced metrics that are no more than negligibly different than the
Schwarzschild metric [90], the TRN metric has no known completion in the bulk
[72], and there are likely naked singularities in the bulk for the TRN metric [104].
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However, in addition to studying the TRN metric as a potential braneworld solution,
we can motivate the TRN metric as a general example of a modified gravity theory
with a 1/r2 term.
1.4 The Black Hole at the Center of the Galaxy
In 1916, Karl Schwarzschild discovered the solution of the Einstein equations for
a point mass. The solution had a singularity at r = 2M and its meaning and
physical significance was a source of great contention for many years. The 1960s
and 1970s represented a “golden age” in the study of black holes during which
the study of black holes entered mainstream physics. Since then, there has been
increasing evidence for the existence of black holes in nature. Matter accreting
around supermassive black holes is thought to be the mechanism fueling active
galactic nuclei, and there are many strong candidates for black holes in observed
X-ray binary systems [105]. Evidence now points to the existence of a supermassive
black hole at the center of most galaxies [106]. The almost certain existence of
black holes is a key motivation for the attempt to study lensing by black holes. A
particularly promising arena for black hole lensing is the presumed black hole at
Sgr A* in the center of the Milky Way.
The center of the Milky Way has been a focus of research because of its close
distance of about 8 kiloparsec (kpc) or 26,000 light years, 2-3 orders of magnitude
closer than the nearest extragalactic system. There is a great deal of dust and
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gas in the galactic plane which obscures our view of the galactic center in visible
wavelengths, but this region can be explored with other wavelengths. One infrared
(IR) band that is often used for investigations of the galactic center is the one
centered at 2.2 µ m, known as the K band. Sgr A* is a bright and very compact
radio source at the center of a galaxy. It has recently been found to be emitting in
the infrared as well [13].
There is a large observed stellar population in the galactic center. Of partic-
ular interest are the dozens of discovered massive OB and Wolf-Rayet stars that
orbit very near Sgr A*, some within the central arc second around Sgr A*. These
particular stars are bright in the near-infrared (NIR) band, which, unlike light in
the visible spectrum, can penetrate the dust in the galactic center to reach Earth.
These stars are very young compared to the galaxy, and are in a region with high
tidal forces inhospitable to star formation. This is known as the “paradox of youth”
[107]. Two separate research groups have been monitoring the orbits of these close
stars, known as S stars, in order to determine the mass of the central object at
Sgr A* [108, 109, 110]. Both groups, one led by Andrea Ghez at UCLA and the
other by Reinhard Genzel at the Max Planck Institute, set the mass of the dark
object at Sgr A* to be around 4 million solar mass (M). Observations of the star
S2 indicate that this mass is contained within a radius of 100 AU, which strongly
suggests that there is a black hole at Sgr A*. This extreme density seems to rule
out the possibility of a cluster of dark stars, as they would collapse into a black hole
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on a timescale much shorter than the age of the Milky Way [111]. There have been
proposals that the dark mass is made up of agglomerations of exotic particles such
as fermions or bosons. While both of these possibilities would seem unlikely, using
gravitational lensing to test for this possibility is the subject of Chapter 4.
The existence of a black hole in our astronomical back yard is an exciting
prospect. This will allow us to test theories of cusp formation, cluster relaxation,
and create a deeper understanding of the connection between supermassive black
holes and their host galaxies. In addition, the proximity of Sgr A* means that stel-
lar orbits can be observed and closely tracked. This will allow tests for the theory
of relativity, including of the “no-hair” theorem [112]. In this thesis, we explore
the possibility that the black hole at Sgr A* will be a gravitational lens, and the
properties of those images may offer tests for extra dimensions and scalar fields.
1.5 Thesis Outline
In Chapter 1 we have set forth the motivation for this thesis. Braneworlds are a
very important topic of research because they represent phenomenological models
for string theory. Braneworld scenarios affect the metric in the vicinity of black holes
and, therefore, lensing can test for the presence of a braneworld metric. In Chapter
2 we study the properties of relativistic images near black holes for a variety of
metrics. We show that the properties of relativistic images are sensitive to the choice
of metric. In addition, we comment on the validity of various approximations made
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in the study of SDL lensing. In Chapter 3, we study the lensing of S stars orbiting
in the galactic center. We are particularly interested in the properties of secondary
images which are sensitive to the addition of a 1/r2 term to the Schwarzschild metric
and the observational prospects for such images. In Chapter 4, we briefly examine
the possibility that there is no black hole at the galactic center and only a boson
star. We demonstrate the effect of such a scenario on the lensing properties of S
stars. We conclude in Chapter 5.
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Chapter 2
Relativistic Images as a Probe of
Modified Gravity
2.1 Gravitational Lensing in the Strong Deflec-
tion Limit
As was briefly discussed in Chapter 1, lensing is very successful as a probe of
matter. However, because of the uncertainties involved in lens masses, distances,
and structure formation history, it is difficult to use weak field lensing techniques
as a probe of modified gravity [113]. This points towards a possible role for Strong
Deflection Limit (SDL) lensing as a probe of GR. Since there is a dark, compact
object at Sgr A*, with a well known mass and distance that is presumably a black
hole (see Sec. 1.4), it is an ideal object for the study of SDL lensing. A particularly
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promising direction is the study of lensing of S stars by the black hole at Sgr A*,
which will be discussed in Chapter 3. However, this is not truly SDL lensing, as
the bending angle in that scenario can range from several degrees to more than π
radians. Especially at the lower end of the range, this cannot be considered SDL
lensing. In this section, we will discuss “relativistic images”. While not rigorously
defined, relativistic images form after photons loop around a black hole. Virbhadra
[114] defines them as images with a deflection angle of α > 3π/2. Alternatively,
the definition used in this thesis is that relativistic images are, for a point source
(where there are not multiple weak field images), images that form after the first
on each side of the optic axis.
As discussed in Sec. 1.1.2, lensing with a large bending angle is very sensitive to
the nature of the lens. There is a strong scientific desideratum for observations close
to a black hole (or large mass that may be a black hole). Observations near the
center of the Milky Way on the scale of µ arcseconds (as) are just beginning [102],
and a study of lensing would be complementary to these observations. Lensing
may be able to test whether black holes behave as predicted by GR, whether there
are signs of extra dimensions, or whether the dark object at the Galactic Center
is a black hole or another object such as a boson star. Photons that reach us
after probing close to a black hole are most likely to carry signs of gravity’s true
nature. Over the last decade, there has been a growing literature that has studied
the properties of relativistic images near Sgr A*, starting with the work of [56].
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Virbhadra and Ellis [56] outline an algorithm for calculating the location and
brightness of the infinite sequence of images that would appear for a source lensed
by the black hole at Sgr A*. They calculate the location and magnitude of the
outermost two relativistic images on both sides of the source for a variety of image
positions. They showed that for all realistic image positions, relativistic images are
extremely demagnified. In later work, [115, 116] show that relativistic image prop-
erties near Sgr A* will be different if the Schwarzschild metric is substituted for a
Janis-Newman-Winicour metric associated with a static, spherically symmetric real
scalar field [117] and catalogued the dependency of relativistic image properties
on scalar charge. This demonstrated the potential for SDL lensing to differenti-
ate between different types of matter in the galactic center. Later studies showed
the results of lensing of light around Sgr A* if it were assumed to be a Reissner-
Nordstrom black hole [118], a braneworld black hole [69, 119, 120, 121, 122, 15], or
other exotic spacetimes [123, 124, 125].
Since this thesis looks closely at braneworld black holes, these results are of
particular interest. Whisker [119] derives a new metric, christened the U = 0
metric, which is not studied in detail in this thesis. They use a form of the SDL
formalism outlined in Sec. 1.1.2 to study relativistic images using different values
of tidal charge in Eq. (1.104). They find that the bending angle function using the
SDL formalism is accurate to 0.5% at the point where the outermost relativistic
image forms, and therefore, could be used to study the properties of SDL lensing.
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They also find that a negative value for Q in the TRN metric creates a larger photon
sphere, so relativistic images are further from the optic axis than in a Schwarzschild
spacetime. In addition, they find that using the TRN metrics causes the relativistic
images to cluster closer to the black hole — there is not as much of a separation
between the first two images and the outermost relativistic image is closer to the
photon sphere (see Table 2.2 where the relativistic Einstein rings are more tightly
packed together for a large negative value of Q). Finally, having a negative value
of Q makes the ratio between the brightness of first image and the sum of the rest
of the images (or just the secondary) image bigger. This means that the first image
is brighter compared to the second image in the TRN spacetime.
In [69], Eiroa studies how the lensing properties of black holes using the short
distance limit metric in Sec. 1.3.3 (the 5D Myers-Perry metric in which the po-
tential goes as 1/r2) compare to the result of lensing by Schwarzschild black holes.
They accomplish this with a form of the SDL formalism and find an analytic formula
that describes the magnification and image positions for relativistic and retro-lensed
images. They also use the SDL formalism to compute the ratio between image posi-
tions and magnifications for images in a Myers-Perry spacetime and a Schwarzschild
spacetime. They find that for small black holes (as the Myers-Perry metric only
applies on scales r0  l), there can be huge differences in image positions (the
image position in the Myers-Perry spacetime is a factor of 1020 larger for a black
hole with rH ≈ 10−6 m) and magnifications (the Myers-Perry image is 1040 brighter
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than the Schwarzschild image for the small black hole).
Majumdar and Mukherjee [121] review the SDL formalism and study lensing
by a Myers-Perry black hole. They compile results treating the size l of the extra
dimension as a variable, thereby providing a test for the size of the extra dimen-
sion. They also compare the Myers-Perry results to the Schwarzschild results. They
consider a black hole in the galactic halo as a lens, a distance of approximately 1
kiloparsec (kpc). While the Myers-Perry and Schwarzschild results are compara-
tively different, a Myers-Perry black hole is so small that the observables considered
are incredibly tiny. The image positions depend sharply on the size of l, so it is the-
oretically easy to differentiate between an extra dimension at the TeV, Planck, or
mm scale. However, images and magnifications of relativistic images are incredibly
small — on the order of 10−14µ arc sec for l ≈ 10−5 m.
In the literature, there are two methods of studying SDL lensing. Virbhadra
and his collaborators use a numerical algorithm for calculating lensing observables
[56, 115, 116, 114]. In Sec. 1.1.2, we reviewed Bozza’s creation of a useful analytical
formalism for determining image observables in the SDL, which we termed the SDL
formalism. All previous studies of lensing around braneworld black holes [119,
69, 121] use some variant of the SDL formalism developed by [63, 71]. Virbhadra
[114] has several objections to the SDL formalism. As noted earlier, there is some
error inherent in the SDL bending angle function and approximations for lensing
observables, which will be discussed in Sec. 2.2. For example, Eq. (2.11) predicts
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that the nth relativistic image on the primary side of the optic axis for a source at
angle β will be of the same brightness as the corresponding relativistic image on the
secondary side of the optic axis, while this is clearly not true [114]. Is this effect, the
difference in the brightness of the two images which is present but not predicted by
the SDL formalism, large or small? Does this effect change for different geometries
such as braneworld geometries? In addition, [114] claims that the magnifications of
images predicted by the SDL formalism are inaccurate by a factor of order unity,
which motivates the numerical calculation of image magnifications. Finally, since
we will be looking at a variety of geometries, it is important to check the accuracy of
the SDL formalism for image observables in each geometry. In general, we will find
that the SDL formalism is accurate to a point beyond any projected astrophysical
experiment — and often several orders beyond that. We will make some general
comments on how quickly the accuracy of the SDL formalism breaks down in Sec.
2.2, which represents a new approach we develop in [15]. In addition, this chapter
recaps our study of lensing around primordial black holes [15], which have not
previously been studied in the context of relativistic images.
In this chapter, we outline a completely numerical approach to solving the lens
equation and determining image positions and magnitudes (presumably similar to
that of Virbhadra et al. in [56, 114]). We then apply this algorithm to braneworld
black holes. We calculate lensing observables in two scenarios: the supermassive
black hole (SMBH) at the center of the galaxy lensing a galactic source and a small
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primordial black hole at solar system scales lensing a source from the nearby uni-
verse. For both, we will use numerical techniques. In addition, we will introduce
a new parameterization for Q in the TRN metric in our analysis of the primor-
dial black hole. The results will then be compared to the results obtained with
the analytical method in Sec. 2.3. Finally, we analyze the accuracy of the SDL
approximation that is widely used and look for limits of its accuracy.
2.1.1 Numerical Approach to SDL Lensing
In this section, we use the Virbhadra-Ellis lens equation in Eq. (1.32), starting
with given source, lens, and observer positions, to solve for image positions and
magnifications. We begin by adapting the generalized bending angle integral in Eq.
(2.1) to the specific case of the Schwarzschild metric by substituting in the metric
coefficients
α(r0) =
∫ ∞
r0
dr
r
√
(
r
r0
)2 (
1 − 2M
r0
)
−
(
1 − 2M
r
)
− π. (2.1)
Features of a Schwarzschild spacetime scale directly with mass. For example,
the event horizon is always at r = 2M . Similarly, relativistic images are associated
with a coordinate of closest approach, which is also related to M . Therefore, it is
helpful to express coordinates in terms of M . In addition, numerical evaluation is
simplified when the integrand is expressed in dimensionless quantities. A natural
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replacement for r is redefining it in terms of “Schwarzschild radii”
x ≡ r
2M
, (2.2)
x0 ≡
r0
2M
. (2.3)
Equation (2.1) then becomes
α(x0) =
∫ ∞
x0
dx
x
√
(
x
x0
)2 (
1 − 1
x0
)
−
(
1 − 1
x
)
− π. (2.4)
We evaluate this elliptic integral using the NIntegrate package in Mathe-
matica, with the settings for numerical precision adjusted for the desired sensitivity
(which will depend on the astrophysical situation). Next, in order to create a rela-
tionship between x0 and θ, we have to take into account the curvature of spacetime
close to the black hole. Since the angular position θ only makes sense in the asymp-
totically flat space, we rely on the impact parameter u to state the relationship
between θ in the asymptotic Minkowski space and the point of closest approach. In
asymptotically flat space, we have
u = DL sin θ, (2.5)
and near the black hole, the point of closest approach is given by
u = r0
(
1 − 2M
r0
)− 1
2
. (2.6)
Since Eq. (2.5) is equivalent to Eq. (2.6), we can now describe the image
position in terms of the coordinate of closest approach (as well as converting back
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from x0 to θ). Using dimensionless coordinates, the relationship is
sin θ =
2M
DL
x0
√
1 − 1
x0
. (2.7)
This reproduces the expected result in the weak field limit: applying M/r0  1 or,
equivalently, x0  1 to Eq. (2.7), we get
θ = arcsin
r0
DL
, (2.8)
which is what one expects in a flat spacetime. The relationship between the two
definitions of the impact parameter u in Eqs. (2.5) and (2.6) is also important
because we later need it to calculate dθ/dx0 in the process of determining the
magnifications of images. The lens equation is then simplified using the identities
tan(α− θ) = tanα− tan θ
1 + tan θ tanα
, (2.9)
tan θ =
sin θ
√
1 − sin2 θ
. (2.10)
We then eliminate all occurrences of sin θ in Eq. (2.10) using the relationship
between sin θ and x0 in Eq. (2.7). Now, the lens equation has been explicitly
phrased in terms of x0.
With this background information, the algorithm for solving the lens equation
is as follows: for a given value of the source angle β, we insert the bending angle in
Eq. (2.4) into the VE lens equation in Eq. (1.32). We then use the Mathematica
routine FindRoot to solve for x0 after guessing an initial value for x0. A particular
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value x0 is a solution of the lens equation and represents the radial coordinate
of closest approach for a null geodesic that reaches the observer. Since the VE
equation, Eq. (1.32), is transcendental, there are infinite solutions for both positive
and negative values of θ. This corresponds to the infinite sequence of images on
both sides of the lens discussed in Sec. 1.1.2. The solution with the highest value
of θ represents the classic lensing solution for the primary image. All the other
solutions are for the images known as relativistic images, which appear very close
to the photon sphere. For a source that is close to being aligned with the optic
axis, the minimum bending angle required to yield a relativistic image is close to
2π, requiring that photons pass close enough to the photon sphere to get that large
of a bending angle (see Table 2.1). To obtain the positions of the images on the
opposite side of the optic axis, we repeat this procedure and place the source at
−β. In this case, the largest solution for x0 represents the secondary image of weak
field lensing.
Since relativistic images form extremely close to a black hole’s photon sphere
and shadow, it is all but impossible for a source to have a smaller angular position
than the relativistic image (a scenario considered in [114]). In [126, 127], realistic
possibilities for strong deflection limit images in the center of our galaxy, including
relativistic images, do not occur with stars that are highly aligned with the optic
axis (as the orbits of known stars near the center of the galaxy do not pass close
to the optic axis). Hence, relativistic images will form at a smaller angle from
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α(x0) x0Num x0SDL ∆
π 1.7603 1.7084 0.02947
2π 1.5451 1.5433 0.00115
3π 1.5091 1.5090 0.00005
4π 1.5019 1.5019 2 × 10−6
5π 1.5004 1.5004 8 × 10−8
Table 2.1: The coordinate of closest approach required to yield a particular bending
angle in both the numerical technique and the SDL approximation. The SDL
approximation tends to be converge with the numerical technique as x0 approaches
the photon sphere, as the SDL approximation loses validity as one moves away from
the photon sphere. The fractional difference between the analytical and numerical
result is ∆ ≡ 1 − x0Num/x0SDL. See Sec. 2.2 for elaboration on the validity of the
SDL approximation.
the optic axis then the source angle and the bending angle for the first relativistic
image on the side of the lens is slightly less than 2π. Therefore, to find the correct
bending angle that solves Eq. (1.32), the search for a correct value x0 should be in
the region that yields a bending angle of 2π. The first step is to compile a table
of the values of x0 that yield the values of nπ. This is found in Table 2.1. To
find a specific relativistic image, be it higher order on either side of the lens, the
bending angle must be estimated (it will be close to 2πn for nth order images for
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a source that is close to the optic axis) and a guess for the approximate value of
x0. The FindRoot algorithm then searches the neighborhood of the approximate
guess and finds the value of x0 that solves the equation for the desired image. The
image position on the observer’s sky, θ is obtained from x0 by using Eq. (2.7). This
outlines the algorithm we use to calculate image positions for photons with a large
bending angle.
Next, we obtain magnifications for these images. The most general formula for
the magnification of an image is given by Eq. (1.25). In our outlined algorithm, we
have solved for θ, and β is taken as a given. We can determine dθ/dβ by taking the
derivative of the lens equation, in Eq. (1.32), with respect to β. This yields
µ =
sin θ
sin β
sec2 β
sec2 θ − DLS
DS
[sec2 θ + sec2 (α(x0) − θ)]
(
dα
dθ
− 1
) . (2.11)
As we have earlier solved for image position θ, the only unknown term in Eq. (2.11)
is dα/dθ, which can be expressed as [56]
dα
dθ
=
dα
dx0
dx0
dθ
. (2.12)
We can find an expression for dx0/dθ by differentiating Eq. (2.7) with respect to
x0, and then inverting to obtain the final result. For the Schwarzschild metric,
dx0
dθ
=
DLx0
(
1 − 1
x0
)
3
2
√
1 −
(
2M
DL
)2
x20
(
1 − 1
x0
)−1
M (2x0 − 3)
. (2.13)
The dα/dx0 term is obtained by differentiating Eq. (2.1) and using the Leibniz rule
as follows:
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dα(x0)
dx0
=
d
dx0




∫ ∞
x0
dx
x
√
(
x
x0
)2 (
1 − 1
x0
)
−
(
1 − 1
x
)
− π




≡
d
dx0
(∫ ∞
x0
f (x, x0) dx
)
= − lim
x→x0
f (x, x0) +
∫ ∞
x0
df
dx0
df
dx
df
dx
dx. (2.14)
Through integration by parts, this becomes
− lim
x→x0
f (x, x0) +
[
f (x, x0)
df
dx0
df
dx
]∞
x0
−
∫ ∞
x0
f (x, x0)
d
dx
(
df
dx0
df
dx
)
dx. (2.15)
We then utilize the fact that, for the Schwarzschild metric and all other metrics
used in this thesis,
lim
x→x0
df
dx0
df
dx
= −1, (2.16)
lim
x→∞
f(x, x0) = 0. (2.17)
This causes Eq. (2.15) to reduce to
dα
dx0
=
∫ ∞
x0
f(x, x0)
d
dx
(
df
dx0
df
dx
)
dx (2.18)
We use this expression along with Eq. (2.13) to determine dα/dθ. This allows us
to use Eq. (2.11) to calculate the total magnification as a function of x0. This gives
us the ability to calculate the magnification of any image, so long as we are given
the source angle β and the coordinate of closest approach x0 (or, equivalently, θ).
The coordinate of closest approach can be calculated using the algorithm detailed
in this section. Thus, we have created an algorithm that takes a physical system
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with a specified source position and outputs image positions and their associated
magnifications. In the next section, we will use this algorithm to calculate image
positions and magnifications for specific astrophysical scenarios.
2.1.2 Black Hole Lensing in the Braneworld
The process of calculating image observables around a braneworld black hole follows
the steps outlined in Sec. 2.1.1, but we would substitute a braneworld black hole
metric for the Schwarzschild one. Since relativistic images form very close to a black
hole’s photon sphere, the scale of a black hole’s photon sphere dictates what effects
we can expect from the extra dimension and what the appropriate metric might
be. The photon sphere for a spherically symmetric, static spacetime is given by Eq.
(11) in [115]:
2C(r)A(r) + r
dC(r)
dr
A(r) − rdA(r)
dr
C(r) = 0. (2.19)
This is equivalent to Eq. (1.31).
Applying this equation to the metrics in Sec. 1.3.3 yields
rGTm = M +
3
1
3M2
(−5l2M + 3M3 +
√
5
√
5l4M2 + 6l2M4)
1
3
+
(−5l2M + 3M3 +
√
5
√
5l4M2 + 6l2M4)
1
3
3
1
3
, (2.20)
rMPm =
√
2 rH , (2.21)
rTRNm =
1
2
(3M +
√
9M2 − 8Q), (2.22)
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where rGTm is the radial coordinate of the photon sphere in the Garriga-Tanaka
metric, rMPm is the radius of the photon sphere for the Myers-Perry metric, and
rTRNm is the photon sphere radius for the TRN metric. Note that these are all
different than the Schwarzschild photon sphere rm = 3M . The value of um, the
impact parameter corresponding to a closest approach of the photon sphere is
um =
rm
√
A (rm)
, (2.23)
assuming C (r) = 1. We now follow the procedure outlined in Sec. 2.1.1 but use
the appropriate braneworld metric. We will examine two distinct lensing scenarios
in the next two sections.
Supermassive Black Hole
For our first case, we will consider the black hole at Sgr A* as a lens. We use the
values DL = 8.3 kpc and M = 4.3 × 106M [108]. We model the source as a point
source at DS = 2DL. This corresponds to a theoretical galactic source. Modeling
the supermassive black hole (SMBH) at Sgr A* as a braneworld black hole can
be done with the Garriga-Tanaka metric, as the photon sphere is of order 107 km,
which is much greater than the scale of the extra dimension l. However, since the
correction to the Schwarzschild metric in Eq. (1.100) is of order Ml2/r3 ≈ 10−31
near the photon sphere, the lensing corrections due to the Garriga-Tanaka metric
are negligible, as can be seen in Table 2.2.
Although some numerical studies indicate that such a large black hole is unlikely
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to have an exterior metric significantly different than Schwarzschild [90], a case can
be made for the Tidal Reissner-Nordstrom metric as the spacetime curvature near
the surface of the SMBH is much greater than on the surface of the Earth and,
therefore, is not excluded by tabletop tests of Newtonian gravity on Earth. The
curvature of spacetime is measured by the Kretschmann scalar (as the Ricci scalar is
zero in the vacuum outside a black hole), which is, for the Schwarzschild spacetime,
K = RabcdR
abcd = 48
M2
r6
. (2.24)
The ratio of the Kretschmann scalar calculated at the surface (photon sphere) of
the SMBH to the Kretschmann scalar calculated at the surface of the Earth is
KSgrA∗
K⊕
≈ 104. (2.25)
This increased spacetime curvature near the black hole allows the possibility that
braneworld effects may show up there while not being detected on Earth or in solar
system tests. However, it must be pointed out that there is no known mechanism
or motivation for introducing a modification to gravity at this energy scale. Despite
this, we will consider the 1/r2 term as a generic modification of the metric, inspired
by the idea of an extra dimension.
There are few constraints on positing a 1/r2 correction term to the gravitational
potential that only exists in the strong field [101], so we can take the TRN metric as a
specific example of a 1/r2 correction term to the metric. As discussed in Sec. 1.3.3,
the application of the TRN metric to a supermassive black hole is controversial.
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However, we will study lensing properties of the TRN metric to gain understanding
of the effects of adding a ∝ 1/r2 term in the potential, whether it comes from the
braneworld scenario or any other gravitational framework.
The TRN metric requires a choice as to the parameterization of the variable
Q. In the literature [69, 119, 121], Q is usually taken to have dimensions Q ∝
M2. This choice has the convenient effect of rendering the metric dimensionless in
Schwarzschild radii. The integrand in the bending angle for the TRN spacetime in
Eq. (2.27). Specifically, we choose the parameterization
Q = q 4M2, (2.26)
with |q| usually taken to be of order unity (for negative q, as a positive q greater
than 0.25 would correspond to a superextremal Reissner-Nordstrom spacetime with
a naked singularity, which is considered unphysical). The weakness of this approach
is that it makes the assumption that the strength of the bulk’s “backreaction” onto
the brane is ∝ M2. While this allows a neat result that eases calculations for
relativistic observables and maximizes the braneworld effect by maximizing Q in
the case of large black holes, it is an ad hoc assumption. We explore a different
parameterization of the backreaction onto the bulk for the case of the primordial
black hole. For the case of the SMBH, we will use this parameterization as it gives a
large amount of tidal charge. We use the algorithm outlined in this thesis to derive
the angular positions of the first three Einstein rings (the outermost can be derived
identically with weak lensing formalism). The second and third Einstein rings
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are “relativistic” because the photons loop around the black hole once and twice,
respectively, before reaching the observer. The results of the location of the Einstein
rings for different values of q are contained in Table 2.2. Since the first relativistic
image appears very close to the position of the first relativistic Einstein ring, and
higher order relativistic images appear close to their corresponding Einstein ring,
the position and separation of the first two relativistic Einstein rings is a good
indication of the properties of image positions for relativistic images. One effect of
the TRN metric is that the Einstein rings are pushed to larger θ as −q gets larger,
and that the separation between the two relativistic rings narrows as −q gets larger.
The effect of braneworld metrics on image magnification can be seen in Table
2.3. We set β = 1.45 arc sec, which happens to be θE for this lensing scenario in a
Schwarzschild spacetime. The images are demagnified in the TRN spacetime. For
higher values of tidal charge −q, the images are further demagnified. Repeating
this calculation for multiple source positions ranging from 1 as to 1 µ as, the total
magnification changes, but the ratio between the magnification in a Schwarzschild
spacetime and a TRN spacetime for a specific value of q remains the same. The
braneworld effects are independent of the source angle. For a SMBH, the GT
metric will not produce any deviation from the standard GR results because the
non-Schwarzschild term in the GT metric scales as (l/M)2. However, the TRN
metric displays theoretically differentiable results, a result that encourages further
study. The images in the TRN results are fainter than the corresponding images
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Sch. and GT TRN (q = −0.1) TRN (q = −0.5)
Einstein Ring (ER) 1.452 arc sec 1.452 arc sec 1.452 arc sec
1st Relativistic ER 26.57 µ arc sec 28.22 µ arc sec 33.38 µ arc sec
2nd Relativistic ER 26.54 µ arc sec 28.19 µ arc sec 33.37 µ arc sec
Table 2.2: This table calculates the properties of Einstein rings formed by a source
directly aligned with Sgr A* (M = 4.3 × 106M and distance DL = 8.3 kpc) and
with a source distance of 2DL. This table contains the angular positions of the
primary Einstein ring and two relativistic Einstein rings formed by the source. The
location of second relativistic Einstein ring is very close to the photon sphere and
the change in its location in different metrics is a reflection of the different structure
of the photon sphere in the braneworld scenario. Since the results for the GT and
Schwarzschild metrics were identical up to the precision displayed in this table (and
for many orders beyond that), the results were displayed together. Also note the
difference in the gap between the first and second relativistic Einstein ring in each
geometry — a potential distinguishing feature of each geometry.
in the Schwarzschild metric for this particular case, but this is not at all a general
characteristic of braneworld SDL images. This will be discussed further at the end
of this section. Also, although there are, in theory, infinite relativistic images, the
combined magnification of the entire series of images is of the same order as the
brightest image [70]. We have illustrated the properties of relativistic images for a
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theoretical source with an apparent magnitude of 7.5 lensed by Sgr A* in both the
Schwarzschild and the TRN spacetime with q = −0.5 in Fig. 2.1.
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Sch. TRN (q = −.1) TRN (q = −.5)
Outer Image (secondary side) −5.94 × 10−12 −5.54 × 10−12 −4.48 × 10−12
Inner Image (secondary) −1.10 × 10−14 −7.85 × 10−15 −3.97 × 10−15
Inner Image (primary side) 1.10 × 10−14 7.85 × 10−15 3.97 × 10−15
Outer Image (primary) 5.94 × 10−12 5.54 × 10−12 4.48 × 10−12
Table 2.3: This table contains the magnifications of relativistic images formed by a
source at twice the distance of Sgr A* (see caption of Table 2.2) and at an angular
position of β = 1.45 µ as or 10−6 times the Einstein angle if the source were directly
aligned. The top two rows of the table refer to the first two relativistic images are
on the opposite side of the optic axis as the source (the secondary image side) and
the second pair of images are on the same side of the optic axis as the source (the
primary side). Although there are infinite relativistic images, this table only shows
the brightest two relativistic images on each side. These properties are calculated
using several different metrics. The values for the GT metric are indistinguishable
from the Schwarzschild metric and, therefore, have not been shown.
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Θps= 26.54 Μ arc sec
m1=35.6
m2=42.4
Θps= 33.37 Μ arc sec
m1=35.9
m2=43.5
Figure 2.1: These images display the placement and magnitude of relativistic images
for a magnitude 7.5 source at 2 DL lensed by Sgr A* at DL. The source position is
β = 1.45µ as. The top panel illustrates lensing in the Schwarzschild spacetime. The
first two relativistic images are close together — separated by less than 30 nano as.
The observed magnitudes of the first two relativistic images are given. The bottom
panel illustrates the identical setup, except for a TRN spacetime with q = −0.5.
The main differences are that the photon sphere is larger, the relativistic images are
packed closer together (separated by about 15 nano as), and the images are fainter
than in the Schwarzschild spacetime.
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Could these properties of relativistic image change qualitatively for black holes
of different mass? Repeated calculations with different values of M show that the
properties illustrated in Fig. 2.1 and Table 2.3 hold for a wide range of M . This is
held up by a mathematical analysis. Since we have chosen Q in Eq. (1.104) to be
parameterized by q = Q/4M2, the explicit form of Eq. (2.1) for the TRN metric
when using Schwarzschild radii is
αTRN (x0) =
∫ ∞
x0
2
√
(
x
x0
)2 (
1 − 1
x0
+ q
x2
0
)
−
(
1 − 1
x
+ q
x2
)
dx
x
− π. (2.27)
This form of the bending angle has no dependence on mass — just as the bending
angle in the Schwarzschild (q = 0) spacetime has no dependency on M , only x0.
It follows that the scaling with mass for the magnifications in Eq. (2.11) is close
to the same for both spacetimes. This is seen explicitly by considering Eq. (1.25).
We analyze each of the components separately. For a source at fixed β, the ratio
sin θ/ sin β obviously depends only on sin θ. For a given lensing configurations, with
fixed β and distance parameters, the required bending angle does not depend on the
mass of the lens — the size of bending angle required is a question of geometry. The
value of x0 needed to yield the required bending angle differs in the Schwarzschild
and TRN geometries; however, in each case, the value of x0 does not depend on the
mass, as the bending angle is independent of M . Since
sin θ =
2M
DL
x0
√
A(x0)
, (2.28)
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in each geometry, θ scales directly with M . The other term in Eq. (1.25) is dθ/dβ.
This term is not theoretically constant in β. However, analysis shows that it is
practically constant (see graphs of image position against source position in [56])
and, therefore, the entire term scales as M , as θ for a constant source position scales
with M . So the magnification of a relativistic image for a constant source position
scales as M2, a result confirmed by the fact that magnification scales with u2m in
Eq. (2.11). Since um ∝ M , it means that magnification scales with M
2. We can
repeat the same argument for the bending angle in the braneworld scenario because
Eq. (2.27) does not contain any dependency on M . Magnification would then have
a scaling of M2 as well. Hence, further studies of this form of the TRN metric will
not yield interesting results, as the difference between a Schwarzschild and a TRN
lens does not change with the mass of the lens; the ratio of their magnifications will
remain the same. In the next section, we will change the parameterization of the
tidal charge for smaller black holes and analyze the difference this makes for lensing
properties.
2.1.3 Primordial Black Holes
One explanation for dark matter is primordial black holes (PBHs) that may have
formed in the early universe from a variety of mechanisms [128, 129]. These black
holes would be very small compared to the mass of the black hole at Sgr A*. Gould
[130] develops the idea of the femtolensing of gamma ray bursts, where the secondary
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and primary images are unresolved, but form an interference pattern because of their
different travel times. Gamma ray bursts are usually extragalactic [131]. If PBHs
make up a large fraction of the dark matter in the universe, there is a chance of
observing a gamma-ray burst with an interference pattern characteristic of lensing
by a small black hole. An interference pattern resulting from such a lensing could
potentially be observed by the ongoing Fermi Gamma-ray Space Telescope [132].
This idea is extended to the braneworld black hole scenario by [132], who examine
the effects of a GT metric of the interference pattern. These authors conclude
that observation of a black hole with a mass of less than 10−19M would provide
support for RS I or a similar theory that would slow down the decay of black holes
by Hawking radiation, as without modified gravity, a black hole that small would
have long since evaporated. It is therefore natural to ask whether relativistic lensing
of primordial black holes may offer insight into the black hole metric.
A problem with analyzing a primordial black hole of the size considered by [132],
10−19M is that relativistic images will pass in a very highly curved area near the
black hole. The radius of curvature will be of order 10−15 m, which is smaller than
the wavelength of all electromagnetic radiation except for very hard gamma rays.
This would render the geometric optics approximation invalid and we would not
be able to use the formalism developed in this thesis [11, 10]. Therefore, we will
consider a black hole of mass 10−14M. In the Schwarzschild metric, the horizon
size will be about 3 × 10−11 m and we can consider it to have some validity for
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even soft gamma rays. In the TRN spacetime, the horizon size will be even larger
(about 10−6 m for q = −0.5), making our results applicable for the entire ultraviolet
spectrum. Since the point of closest approach is smaller than the scale of the extra
dimension (r  l) if l is considered to be near its upper bound of about 50µ m,
we will ignore the Garriga-Tanaka metric and focus on the TRN and Myers-Perry
metrics.
While we can use the same parameterization for Q in the TRN metric as in
Eq. (2.26), as explained before, the results would be qualitatively similar to the
results obtained for the SMBH. Also, it would be interesting to explore a scenario
in which Q does not scale strictly as M2. In the paper introducing tidal charge,
[99] considers a scenario in which tidal charge is fixed and does not depend on the
mass of the gravitating body. For such a source of tidal charge, they cite an upper
bound for Q of
Q 2MR, (2.29)
because higher values for Q will violate bounds on solar system tests if this metric is
applied to our sun. This bound considers the possibility that Q is a fixed feature of
geometry and does not scale with mass (note that this bound does not apply if the
TRN metric is considered to only be valid in a region with a strong gravitational
field). If we introduce a fixed value of Q into our parameterization, we can expect
that the behavior of relativistic images in the braneworld scenario relative to the
behavior of images in the Schwarzschild geometry would depend on mass.
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Since there are few constraints on the form of Q, we find it interesting to consider
a hybrid scenario. Let us say that we want Q ∝ M instead of M2, we would
then need to introduce a mass scale in order to keep the metric and Eq. (2.27)
dimensionless. This will be a hybrid of tidal charge: part of it will come from mass
getting reflected back at a linear rate and part will come from a fixed feature of the
geometry. If Eq. (2.29) is to be satisfied, we must have Mscale  M so we set it
to be
Mscale = 10
−3M ≈ 1 m. (2.30)
This allows us to introduce the parameterization
Q = q 2M Mscale, (2.31)
for which the bending angle integral becomes
αTRN (x0) =
∫ ∞
x0
2
√
(
x
x0
)2 (
1 − 1
x0
+ qMscale
2Mx2
0
)
−
(
1 − 1
x
+ qMscale
2Mx2
)
dx
x
− π. (2.32)
It is evident from Eq. (2.32) that braneworld effects are inversely proportional
to the lens mass. We will consider sources at solar system scales. We will model our
lens as a primordial black hole at 1 AU and our source at 1 megaparsec. We set the
source position β as roughly one millionth of the Einstein angle for the Schwarzschild
geometry in this configuration (β = 10−12µ as). In Table 2.4, we compare the differ-
ence between relativistic images in the Schwarzschild and braneworld spacetimes.
The large amount of tidal charge relative to the mass of the black hole magnifies
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Sch. TRN (q= -0.1) TRN (q= -0.5) Myers-Perry
Outer Rel. Image −1.66 × 10−29 −1.95 × 10−21 −9.74 × 10−21 −8.97 × 10−25
(secondary side)
Inner Rel. Image −3.08 × 10−32 −2.69 × 10−25 −1.35 × 10−24 −1.24 × 10−28
(secondary side)
Inner Rel. Image
3.08 × 10−32 2.69 × 10−25 1.35 × 10−24 1.24 × 10−28
(primary side)
Outer Rel. Image
1.66 × 10−29 1.95 × 10−21 9.74 × 10−21 8.97 × 10−25
(primary side)
Table 2.4: This table displays the magnification of the outer two relativistic images
on each side of the optic axis for a primordial black hole at 1 AU lensing a distant
source at 1 Megaparsec, with β = 10−12 µ as.
images near braneworld black holes by several orders of magnitude compared to im-
ages near their Schwarzschild counterparts. One important note is that for a source
at a megaparsec, peculiar velocities of objects dominate over isotropy of space and
the FRW metric does not apply. For an object of this distance, we can neglect the
effects of the universe’s structure and use of the FRW metric to calculate lensing
observables in unnecessary. For distances much larger than this, we would have to
take the FRW metric into account.
2.1.4 Magnification in the Braneworld
In the previous sections, we have shown that for the TRN metric, relativistic images
in the braneworld are slightly fainter around a supermassive black hole and are
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greatly brighter for the case of a primordial black hole. The distinction between the
results in the case of primordial and supermassive black holes can be understood by
looking at the two components of magnification in Eq. (1.25). The two components
of magnification are the tangential magnification (µt) and the radial magnification
(µr). They are defined as
µt ≡
(
Sin β
Sin θ
)−1
, (2.33)
µr ≡
(
dβ
dθ
)−1
. (2.34)
Both of these quantities are approximated in the SDL by [63] and put into analytical
form:
µt =
(
β
θ0n
)−1
, (2.35)
µr =
(
1 +
āDLDLS
umenDS
)−1
. (2.36)
From Eq. (2.35), the tangential magnification of a relativistic image is directly pro-
portional to the image position of the relativistic image. This will always be larger
when using a metric that strengthens gravity, such as a braneworld metric (there
are mathematically consistent braneworld solutions that weaken gravity, such as the
TRN metric with positive q, but the motivation for the braneworld scenario sug-
gests that braneworld gravity is strengthened relative to the Schwarzschild gravity).
Since for primordial black holes, Q can be very large relative to the mass of the
black hole, the photon sphere is approximated from Eq. (2.22) as rTRNm ≈
√
−8Q
when |Q| M . So, the tangential magnification is always larger in the braneworld
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scenario, sometimes considerably greater.
The variation in behavior of braneworld magnifications — fainter for a super-
massive black hole, brighter for a primordial black hole — is reflected in the radial
magnification. From Eq. (2.36), it is apparent that for small radial magnifica-
tions (which is always the case for relativistic images), the radial magnification is
proportional to
µr ∝
umen
ā
. (2.37)
This equation can be physically motivated. The radial magnification is a measure-
ment of how sensitive the image position is to the motion of the source. The term
en defines how close the n
th image is to the photon sphere. If en is greater, the
image will shift more with a change in source position and, therefore, the radial
magnification will be brighter. The larger the size of the photon sphere um, the
greater angular distance the shift caused by en represents. The image brightness
is also inversely proportional to ā. This is because the larger ā is, the steeper the
function α (x0) is near xm. This causes image positions to shift less with a change in
source position, as a smaller change in x0 can generate enough change in the bend-
ing angle to compensate for the changed source position. The relationship between
the form of the bending angle function in a given spacetime and the properties of
its relativistic images is explained in greater detail in Secs. 3.3.1 and 3.3.2. In this
section, we will give a short quantitative demonstration of how we expect relativistic
image magnifications to scale with q based on SDL formalism.
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It is simple to compute the behavior of each of the quantities in Eq. (2.37) for
the TRN metric. In Fig. 2.2, we show the behavior of quantities ā and b̄ as a
function of q. The behavior of um for large |q| can be calculated using Eq. (2.23).
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Figure 2.2: The behavior of strong field quantities as the behavior with q. The
dotted line is the quantity ā and the dashed quantity is b̄. When |q| is small on the
left of the figure, the metric is essentially Schwarzschild. The limit of q → −∞ at
the right end of the figure can be seen as the transition from a 4D metric to a 5D
metric.
As can be seen from Fig. 2.2, the quantity ā is equal to 1 for a Schwarzschild
metric (on the left border of Fig. 2.2) and becomes smaller as −q becomes large
and asymptotes to 1/
√
2 for q goes to −∞ (which can be seen as the 5D limit,
as the TRN metric with |q|  1 is essentially 5D. The quantity b̄ = −0.400 in
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a Schwarzschild spacetime, but asymptotes to −0.691 for a 5D spacetime in the
q → −∞ limit. Therefore, en (for n = 1) varies from 0.00125 in the Schwarzschild
limit to 0.0000521 in the q → −∞ limit. So the smaller value of en makes the radial
magnification smaller, but the larger size of the photon sphere tends to make the
radial magnification larger.
When tidal charge |Q| is not large compared to M2, um is not much larger than
in the q = 0 value. In this case, the smaller en term dominates and the radial
magnification is smaller than in the Schwarzschild case. If the radial magnification
decreases enough, it can compensate for the larger tangential magnification, and
braneworld relativistic images will be fainter than their Schwarzschild counterparts.
When there is a great deal of tidal charge (QM), the great increase in um makes
up for the decrease in en term and the radial magnification in the braneworld is
larger compared than its Schwarzschild counterpart.
For all black holes, relativistic images will be at a larger image position when us-
ing the TRN metric with negative q, because the photon sphere in a TRN spacetime
is larger than its Schwarzschild counterpart. Hence, the tangential magnification is
always higher using a braneworld. Radial magnification, as we have shown, depends
on the value of the tidal charge. For a given source and lens position, the radial
magnification is lower bounded, even as |q| gets very large, but the tangential mag-
nification is not upper bounded. For smaller amounts of tidal charge, braneworld
relativistic images are demagnified. However, for large enough values of tidal charge,
87
the magnification of a braneworld relativistic image will be enhanced. This will be
discussed in greater length in Sec. 3.3.2.
2.2 Testing the SDL Approximation
In Sec. 1.1.2, we reviewed the construction of a logarithmic function for the bending
angle in Eq. (1.54). This approximation of the bending angle integral in Eq. (1.30)
depends on the accuracy of approximating the function R (r, u) in Eq. (1.40) with
Eq. (1.48) near the point of closest approach. When expanding R(rm, u) = 0 in
orders of ε and δ, Eq. (1.43) is obtained by truncating at the first non-zero term in
both r and u. However, the relationship between δ and ε is not being considered at
an infinitesimal distance from the photon sphere, so neglecting higher order terms
can potentially be problematic. For example, in a Schwarzschild geometry, the
first relativistic Einstein ring occurs with approximately r0 ≈ 3.09M [56], which
corresponds to δ = 0.03. By Eq. (1.44), this corresponds to ε = −0.0013. Can we
safely neglect the higher order terms that do not appear in Eqs. (1.44) and (1.48)?
The equality that results from this truncation in Eq. (1.44) cancels out the δ2 and
ε terms in the function R (r, u) in Eq. (1.48). In other words, if the equality in
Eq. (1.44) holds, then there is no second order term in δ or first order term in ε in
R (r, u) . Since this equality does not hold exactly and in fact breaks down as r0
grows away from rm, we will study the accuracy of Eq. (1.44).
Research into the SDL formalism shows that this treatment is adequate for typ-
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ical spherically symmetric metrics such as the Schwarzschild, Reissner-Nordstrom
(RN), and Janis-Newman-Winicour (JNW) metrics [63, 71]. However, some signs of
inaccuracy are seen for RN and JNW metrics when they become near-extremal [63].
Our goal in this section is to perform a general analysis of the higher order terms in
the general case and then apply it to show the validity of the SDL approximation
in the case of the TRN metric.
To analyze the general case, we expand out Eq. (1.43) for one more order in
both ε and δ, which yields
βmδ
2 + γmδ
3 = 2u2mε+ u
2
mε
2, (2.38)
where
γm ≡
1
6
∂3R
∂r3
(rm, um) r
3
m. (2.39)
First, consider the right side of Eq. (2.38). The higher order term ∂
3R
∂u3
(rm, um)
is 0 from the definition of R (r0, u). We can neglect the ε
2 term for the following
reason. The ratio of the ε terms is known — the ratio of the first order term to
the second order term is 2/ε. This ratio remains fixed regardless of the geometry
because the u2 term in R (r0, u) is independent of the metric. In a flat spacetime
r0 = u and δ and ε are equivalent. However, for a curved spacetime, a small increase
in ε can result in a large increase in δ. In the Schwarzschild case, ε is much smaller
than δ and, therefore, higher order terms in ε are less significant than higher order
terms in δ. This holds true in most spacetimes and can be checked using the first
order relationship in Eq. (1.44). Examining the left side of Eq. (2.38), the ratio
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between the second order and third order terms in δ is
βm
γmδ
. (2.40)
The greater this quantity is, the less significant the third order term is. Since βm
and γm are functions of the metric, the ratio of these two terms depends on the
underlying spacetime. Since the validity of this approximation scheme is known
for the Schwarzschild metric, it is useful to compare the ratio βm/γm in different
spacetimes to its ratio in the Schwarzschild spacetime. For a Schwarzschild metric
βm
γm
=
3
8
. (2.41)
This result explains why the approximation scheme in Sec. 1.1.2 only holds up for
points of closest approach that are close to the photon sphere (small δ). For large δ,
the higher order terms remain significant. However, as demonstrated in [63, 71], it
can be considered valid for the domain of relativistic images. Hence, we know that
for the ratio in Eq. (2.41), we can consider the bending angle approximation to be
valid. If, for an alternate spacetime, this ratio becomes bigger, the approximation
will be better. If the ratio becomes smaller, the approximation will fare worse.
For the TRN metric, the ratio βm/γm depends on the parameter q. As −q gets
larger, the ratio gets smaller and the approximation fares worse as well. The ana-
lytical expression for both βm and γm can be obtained easily. Figure 2.3 displays the
relationship between q and βm/γm. As q gets smaller, βm/γm drops from its starting
value of 3/8 in a Schwarzschild metric. For the parameterization in Eq. (2.31), the
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amount of tidal charge can be very large. We can evaluate the performance of the
approximation in the limit of large tidal charge:
lim
q→−∞
βm
γm
=
1
3
. (2.42)
This shows that for any amount of negative tidal charge, the approximation will be
worse than in the Schwarzschild case, but only marginally so. This is borne out by
an actual comparison of results obtained by both methods. As δ gets larger, the
validity of the approximation falls off quicker in the TRN spacetime. As q → −∞,
the TRN metric becomes a 4D metric, like the Myers-Perry metric, for which strong
deflection limit lensing has been examined [121, 69]. The result in Eq. (2.42)
shows that the strong deflection limit is accurate for the TRN metric and for the
Myers-Perry metric. For any spherically symmetric metric, one test for the SDL
approximation can be the examination of βm/γm in that spacetime.
2.3 Comparison of SDL Bending Angles and Im-
age Magnitudes
All of the image magnifications in Sec. 2.1.4 were calculated using the numer-
ical technique unless otherwise specified. While the SDL approximation is very
effective when dealing with Schwarzschild black holes, there has not been an ex-
plicit comparison of image magnifications for the numerical and SDL methods for a
braneworld black hole until our comparison in [15]. As suggested by our analysis in
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Figure 2.3: The behavior of βm/γm as a function of q. This figure βm/γm gets
smaller as negative q gets larger, which implies that the SDL approximation for the
bending angle becomes less accurate.
Sec. 2.2, the SDL approximation is expected to be less accurate in the braneworld
spacetimes. In addition, the integral for the bending angle for the TRN and other
braneworld metrics may have additional terms in the integrand, and may not be
as well approximated by the two parameter logarithmic function in Eq. (1.54). In
addition, since the nature of the integral is different with different masses, it raises
the question of whether there is a domain in which the SDL approximation returns
significantly different results from the ones obtained with the numerical method?
In this chapter, we examine the accuracy of the SDL approximation for a variety of
black hole masses and metrics. We compare results for image magnifications and
the bending angle obtained with the SDL approximation with those obtained with
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the numerical method.
In the literature [70, 119], there are two strong field observables that characterize
the nature of strong field images. One is the ratio of the brightness of flux of the
outermost relativistic image to the flux of the sum of rest of the infinite sequence
of images. The second is the angular gap between the two outermost relativistic
images. As we demonstrated, in the SDL approximation images are increasingly
accurate the closer an image is to the photon sphere, so proving the accuracy of
the SDL approximation for the outermost two images will suffice to convince us of
the accuracy of using it for calculating the strong field observables. This section
will now compare the values of image magnifications and positions obtained by the
numerical methods to the values obtained by the SDL approximation for the cases
of a massive black hole at Sgr A* lensing a galactic source, a primordial black hole
at solar system scales, and, naively, a miniature black hole at laboratory scales.
2.3.1 The Black Hole at Sgr A*
As explored in [56, 127, 126], the most likely scenario for observing relativistic
images would be when a star orbits near Sgr A*. We use the same values for the mass
and distance of the black hole and the source as in Sec. 2.1.2. In that section, we
computed image magnifications and positions using the numerical method. Would
we obtain similar results using the SDL approximation? Image positions are less
subject to large error since relativistic images form close to the photon sphere and
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the photon sphere is exactly calculated in the SDL approximation — so a large
percentage error is impossible. The accuracy of the SDL approximation for image
positions is confirmed in [114]. The magnifications of relativistic images depends
on the derivative of the bending angle and are therefore more sensitive to the shape
of the bending angle curve in the strong field near the photon sphere. So a close
examination of the accuracy of the SDL approximation for the bending angle would
be a proper place to start.
In Figure 2.4, we plot the deviation between the numerically calculated bending
angle and the SDL approximation for the bending angle. The figure shows that the
greater the “tidal charge” the more quickly the SDL approximation breaks down. I
do not include a separate line on the graph for the deviation of the bending angle
in the Garriga-Tanaka metric because in the case of a SMBH, the GT metric yields
essentially the same results as the Schwarzschild metric.
As can be seen in Fig. 2.4, the bending angle in the TRN geometry is not as
well approximated by the SDL approximation. This is because the integral in Eq.
(2.27) is more complex when q 6= 0 and is therefore not as well approximated by a
two parameter approximation. See the discussion in Sec. 2.2. However, all of the
errors are still relatively small and therefore, the difference between the numerical
and SDL values of image magnification are small as well. Table 2.5 shows the
results for the accuracy of the image magnifications in the SDL approximation.
As expected, the approximation is better for the 2nd relativistic image as it is
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Figure 2.4: This figure plots the deviation of the bending angle from the numerical
value when calculated with the analytical SDL approximation. The deviation is
given by ∆αAna ≡ |1 − αAnaαNum |.
closer to the strong deflection limit in which the numerical method and the SDL
approximation converge.
2.3.2 Primordial Black Hole
As we move to lower masses, the non-Schwarzschild terms in the bending angle
become more significant and, therefore, might impair the accuracy of the SDL
approximation. In this section, we analyze the accuracy of the SDL approximation
for a primordial black hole with the parameters specified in Sec. 2.1.3. In Figure
2.5, the bending angle in the Garriga-Tanaka metric is the least-well approximated
by the SDL formalism.
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1st Relativistic Image 2nd Relativistic Image
Schwarzschild .0073 7.73 × 10−6
TRN (q= − 1
10)
) .0060 4.00 × 10−7
TRN (q= − 5
10)
) .0037 .000012
GT .0073 7.73 × 10−6
Table 2.5: The magnitude of image magnifications computed using the SDL ap-
proximation compared with those calculated using the numerical method in the
case of a SMBH. The quantities in this table are given by the fractional difference
|1 − µSDL
µNum
|.
However, calculations show (Table 2.6) that the image magnifications around a
primordial black hole are extremely accurate. Perhaps most surprising is the fact
that the approximation is most accurate for the Garriga-Tanaka metric, where the
SDL approximation for the bending angle is worse. This is because the images in
the Garriga-Tanaka metric form deeper in the strong field (closer to the photon
sphere), so the bending angle approximation is better for the relevant domain of
relativistic images. This can be seen in Eq. (2.40)
Table 2.6 also demonstrates that lower mass scales do not cause the SDL approx-
imation to break down significantly and that this description of relativistic images
is accurate enough for almost all calculations that have been suggested in the lit-
erature. However, since changing the mass scales seems to affect the accuracy of
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1st Relativistic Image 2nd Relativistic Image
Schwarzschild 0.0073 .000022
TRN (q= − 1
10)
) .00052 1.35 × 10−7
TRN (q= − 5
10)
) .00052 1.83 × 10−7
GT .000073 3.80 × 10−10
Table 2.6: Image magnifications computed using the SDL approximation compared
against those calculated using a more exact numerical treatment in the case of a
primordial black hole at solar system lengths. As can be seen the approximations
are very accurate for the case of the TRN metric and even more accurate in the
case of the GT metric.
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Figure 2.5: The fractional difference of the estimated value for the first order
approximated bending angle and the numerically calculated one. The divergence
is calculated using ∆αAna = |1 − αAnaαNum | where the subscript “Ana” refers to the
analytical SDL approximation. The approximation fares worst when used for the
Garriga-Tanaka metric. This is because of the nature of the non-Schwarzschild term
as well as its large value as l M .
the approximation, we will look at one more mass scale: In the following section,
we will put the approximation to a severe test, examining a model of a miniature
black hole at laboratory lengths.
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2.3.3 Miniature Black Hole
In this section, we analyze the efficacy of the SDL approximation for a TeV scale
black hole. We use the mass 1.78 × 10−28 kg, or about 10−54M. The horizon
and photon sphere size in the Myers-Perry metric is about 10−28 m. It is very
important to note that the geometric optics approximation would not hold for
strong field lensing around this black hole, as the radius of curvature is of order
10−28 m, which is considerably smaller than the wavelength of any radiation ever
observed. However, we naively apply the lensing formalism to this case as a test
of whether the SDL formalism matches the numerical results in this extreme case.
The black hole is at 5 m from the observer, with the source 10 m from the observer.
Using the convention in Eq. (2.26), we analyze the accuracy of the Bozza ap-
proximation for the Schwarzschild, Myers-Perry, and two TRN metrics. Fig. 2.6
details the deviation of the SDL bending angles from the numerical bending angles.
As can be seen in Fig. 2.6, the SDL approximation for both the TRN and
Myers-Perry metrics has the same deviation from the numerical results. This is
because the coefficient of the 1/x2 term in the TRN metric is very large and makes
the effects of the 1/x term in Eq. (2.27) negligible. So the bending angle for the
TRN metric behaves essentially like the bending angle for the Myers-Perry metric
(which has only a 1/x2 term). The bending angle for both is
∫ ∞
x0
dx
2
x
√
x
x0
(1 − 1
x2
0
) − 1
x2
, (2.43)
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Figure 2.6: The fractional difference of the value of the SDL approximated bending
angle from the numerically calculated bending angle. Even though there are four
scenarios evaluated, only two are visible, as the deviation for the two TRN metrics
and the Myers-Perry metric are essentially identical.
where
x ≡ r
rH
(2.44)
for the Myers-Perry metric and
x =
r√
q
(2.45)
for the Tidal RN metric when the 1
x
term is neglected (which can be done when
q  1). Since with normalized coordinate x, these metrics are the same, the TRN
metric and the Myers-Perry metric reproduce the same bending angle as a function
of x. The results for the accuracy of the SDL approximation are contained in Table
2.7.
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1st Relativistic Image 2nd Relativistic Image
Schwarzschild 0.0073 .000022
TRN (q= − 1
10)
) .00053 1.21 × 10−7
TRN (q= − 5
10)
) .00053 1.21 × 10−7
Myers-Perry .00053 1.21 × 10−7
Table 2.7: The magnitude of image magnifications computed using a bending
angle approximated by a logarithm against those calculated using a full form of
the bending angle in the case of a miniature black hole at laboratory lengths. As
can be seen the approximations are very accurate in all cases. It is very important
to emphasize that these results do not reflect actual observables, as the geometric
optics approximation cannot be applied in this case. Instead, this represents a pure
test of whether the SDL approximation and numerical method converge.
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Again, going to very low mass scales, the SDL approximation is accurate because
of the dominance of the non-Schwarzschild term in the TRN metric. It seems that
when the metric functions have fewer terms, the SDL approximation will be more
accurate. This suggests that the domain in which the approximation will be least
accurate for the GT metric is when l
m
≈ 1 because then neither the Schwarzschild
term nor the extra braneworld term in the metric dominates the bending angle
integral. Similarly, for the TRN metric, a similar breakdown should occur when the
coefficient of the 1
x2
term is ≈ 1.
In conclusion, all relativistic images examined in this section have a similar
value whether evaluated with the SDL approximation or the numerical method. No
image had a difference as large as 1% for these two methods, and many images were
even more similar. Since the SDL approximation is robust and easy to apply for a
variety of applications, this level of accuracy is not such a drawback. In addition,
accuracy up to 1 % is far more accurate than the uncertainties due to the lens
mass or source positions. Finally, since over the next few decades, even confirming
the existence of a relativistic image represents a reach for technology, it is hard to
conceive of a scenario in which the different predictions of the SDL approximation
and the numerical method come into play. As argued in Sec. 2.2, there could be a
conceivable spacetime in which the SDL approximation breaks down, but so long
as that does not occur, we conclude that the SDL formalism is more than adequate
for the study of relativistic images in a static, spherically symmetric spacetime.
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Chapter 3
Secondary Images of S Stars as a
Probe of Modified Gravity in the
Galactic Center
A strong criticism of the study of relativistic images is that relativistic images will
be all but impossible to observe. As calculated in Sec. 2.1.2, even for a bright star
of magnitude 7.5 and a generously small source angle, relativistic images will be no
brighter than the 35th magnitude. The upcoming Multi-AO Imaging Camera for
Deep Observations (MICADO) telescope at the European Extremely Large Tele-
scope (E-ELT) [133] is projected to come online in about 2018 and have a maximum
sensitivity of about the 30th magnitude and resolution in the astrometric mode of
about 10 µ arc sec. While the astrometric resolution is close to the scale on which
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relativistic images operate, MICADO will not be nearly sensitive enough to observe
relativistic images. In addition, the galactic center is not a clean environment for
observations, as will be explained in Sec. 3.4. Clearly, relativistic images will not
be part of observational astronomy for the foreseeable future. If the observation of
relativistic images is nearly impossible, using the properties of relativistic images
to differentiate between theories will be even more difficult and is even further in
the future.
While it may not be feasible to observe relativistic images, there are have been
other lines of inquiry into lensing where the bending angle is large and observational
prospects are not as dismal. Holz and Wheeler [134] consider the idea that a small
black hole of roughly a solar mass can lens the light from the sun and redirect it back
to Earth. In the case when the Earth is in between the Sun and the black hole and
on the line connecting the two, the bending angle is π. They termed such a black
hole a “retro-MACHO” and they find that a 10M black hole at 10
−2 pc from the
sun (and on the opposite side of the Earth) and perfectly aligned will produce a ring
with a magnitude of 26.1. However, this value drops off sharply as the black hole
falls out of maximum alignment. In [135], the effect of “retro-lensing”, or lensing
with a bending angle of about π, is studied for the case of the star S2, finding a
maximum brightness in the K band of mK = 30 before extinction of light from the
dust in the galactic center is considered. Finally, by using orbital parameters of the
S stars in the Galactic center provided by [108], [127, 136, 126] study the properties
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of secondary images of those S stars. There are at least 9 stars with secondary
images with peak brightness brighter than mK = 30, where mK is the apparent
magnitude in the K band. Extinction in the K band for light traveling from the
galactic center is about three magnitudes, but is not considered in the apparent
magnitude calculations in this chapter. The cutoff of mK = 30 is chosen because it
corresponds to the projected maximum sensitivity of MICADO. In this paper, we
will extend the analysis of secondary images to a tidal Reissner-Nordstrom (TRN)
spacetime and show that for large enough values of |q|, the properties of secondary
images are theoretically differentiable from the properties of secondary images in a
Schwarzschild spacetime.
A important note is that the uncertainties in the physical parameters of this
lensing system, properties such as the mass of the black hole at Sgr A*, the or-
bital periapse of a lensed star, and the orbital eccentricity of a lensed star can be
larger than the effect we are looking for. However, since the accuracy of these mea-
surements will inevitably increase as S stars continue to be observed, this thesis
concerns itself with the possibility of a theoretical effect, so it uses the values of
physical parameters without regard to their uncertainty.
We consider the TRN metric in Eq. (1.104), with the parameterization q ≡
Q/4M2. When q is positive, this represents the Reissner-Nordstrom (RN) solution
for a charged black hole. Static black holes with a large amount of electric charge are
not expected to exist in nature, and the possible existence of rotating, charged black
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holes is controversial [137]. In addition, the amount of charge is limited to Q < M2
or q < 0.25 because saturation of this bound would lead to a naked singularity
and the violation of cosmic censorship [14]. However, since the calculation of the
properties of secondary images of S stars has only been done with a Schwarzschild
metric, it is useful to examine such a fundamental case. We have also found it
useful to explore negative values of q. Studies of neutron star binary systems yield
only weak constraints on a lower bound for q [101]. Using a 1/r2 term is interesting
because it is motivated by alternative gravity frameworks, particularly braneworld
theories that construct gravity as a higher-dimensional theory. These theories often
predict a correction that strengthens gravity (in light of the hierarchy problem, see
Sec. 1.2). This would correspond to a negative value for q. For any non-trivial value
of q, observational constraints from Solar System observations [99] disallow the 1/r2
term from applying anywhere but near the black hole. Strengthening gravity using
a negative value for q yields a brighter secondary image; therefore, we propose that
observations of these secondary images can place constraints on the size of the 1/r2
term near the black hole.
3.1 Lensing of S Stars
There is a large stellar population in the central parsec of the Milky Way. Most
stars are old red main sequence stars, but there are many young Wolf-Rayet stars
which present challenges to theories of star formation because they seem young
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enough that they likely formed in the galactic center, in the presence of tidal forces
[138, 139]. Some of these young stars orbit close to the black hole at Sgr A*, labeled
S stars, have been observed carefully. They are bright in the K band, which makes
it possible to see them in the dusty galactic center. Their orbits can be recon-
structed from orbital parameters published in [108]. For the purposes of this thesis,
at each point in time, we treat the star as a source being lensed by the black hole.
To study the effect of the metric near the black hole, we are interested in light that
passes across the optic axis (line connecting the lens and the observer), forming a
secondary image [10, 11]. Using orbital parameters and the apparent brightness of
the stars in the K band, [126, 127, 136] calculated the position and magnitude of
the secondary images, assuming a Schwarzschild metric. Observationally, the most
promising images come from the stars S6 and S27, which have the brightest pre-
dicted secondary images with mK = 20.8 and 22.4 respectively. The peak brightness
of these secondary images occurs close to periapse. Although its secondary image
will not get as bright as the others, the periapse of S2 will occur relatively soon
(in 2018) and S2 is itself one of the brightest known S stars. Its secondary image
is predicted to have peak brightness of mK = 26.8. Although the secondary image
of S27 is brighter, we will instead study the secondary image of S14 because its
peak brightness comes at an earlier date. In addition, the secondary image of S14
is a better candidate for differentiating between a Schwarzschild spacetime and an
alternative one, as will be explained in Sec. 3.2. We will now outline the method
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for reconstructing the stellar orbit and solving the lens equation for the secondary
image.
In calculating the positions of the secondary image, we use the improved Ohanian
lens equation [64, 57]
γ = α(θ) − θ − arcsin
(
DL
DLS
sin θ
)
, (3.1)
where γ is the angle between the optic axis and the line connecting the source to
the lens, θ is the image position (to the observer), DL is the constant distance from
the observer to the lens (in this case, the distance between us and Sgr A*) and DLS
is the distance, which varies over time, between the lens and the source star. We
draw a schematic diagram of this lensing model in Fig. 3.1. Since all secondary
images in this chapter will be at θ  1, we can apply the small angle approximation
and neglect the θ term, leaving
γ = α(θ) − DL
DLS
θ. (3.2)
This can be justified because the Ohanian lens equation is accurate to about one
part in 10−6 [57]. Applying the small angle approximation and throwing out the θ
term to obtain Eq. (3.2) affects outcomes by less than that.
In order to use the lens equation in Eq. (3.2), we need to determine the value
of γ and DLS at any given time. These quantities can be computed in terms of
the orbital parameters of the star being lensed [127]. The location of a body on its
elliptical orbit is parameterized by the anomaly angle from the periapse (φ), which
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Figure 3.1: This figures illustrates how light passing close to a black hole creates a
secondary image with a large bending angle. The source is at O, with DL being the
distance between the observer and the lens, DLS being the distance between the
lens and the source, which can change over time, and γ being the angle between
the optic axis and the line connecting the source to the lens. The curved line that
becomes straight is the approximate path taken by light. Light crosses the optic
axis and passes close to the black hole before being seen by the observer at θ.
is determined by the differential equation
[a(1 − e2) 32√
GMenc(1 + e cosφ)2
φ̇2 = 1, (3.3)
where Menc is the mass enclosed within the orbit, e is the eccentricity of the orbit,
and we apply the boundary condition φ(0) = 0. We can define GMenc in relation
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to the orbital period P and semimajor axis a using Kepler’s third law
GMenc = 4π
2 a
3
P 2
. (3.4)
The relationship between γ and DLS and φ is given by
DLS(t) =
a(1 − e2)
1 + e cosφ(t)
, (3.5)
γ(t) = arccos[sin(φ(t) + ω) sin i], (3.6)
where we have, in this instance, stressed the time dependence of γ and DLS. We
have now shown how the terms in the lens equation in Eq. (3.2) can be determined
in terms of the orbital parameters. In the lens equation, α(θ) is the bending angle
as a function of θ. The image magnification is [126]
µ =
D2L
D2LS
sin θ
dγ
dθ
sin γ
. (3.7)
The lens equation is solved and analytical formulas for the image position and
magnification are derived by [127] using SDL formalism. However, these analytical
formulas are not accurate for secondary images because the bending angle of light
forming secondary image varies widely as the star orbits Sgr A*, but they can be
used to calculate the properties of relativistic images of S stars, as we will do in
Sec. 3.3. To resolve this difficulty, [136] uses a numerical method for calculating
the properties of secondary images.
At this point, we will briefly describe our algorithm for solving the lens equation.
For a given source position , we numerically solve Eq. (3.2) which yields the position
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Figure 3.2: An illustration of the meaning of the orbital parameters referred to
in this paper. Image taken from WikiMedia and released under the GNU Free
Document License.
of the secondary image. We do this, as in Chapter 2, by rewriting the lens equation
as a function of x0. The lens equation then becomes
γ = α (x0) −
DL
DLS
θ (x0) , (3.8)
where α (x0) is given by Eq. (1.30) for an arbitrary static, spherically symmetric
spacetime (with a coordinate change from r to x0), and θ (x0) is obtained by solving
a generalization of Eq. (2.7) for the desired value of x0. Solving this equation
numerically using the NIntegrate routine yields a value for x0 that solves the
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lens equation. Care must be taken that this value of x0 represents a secondary
image and not the primary image or a relativistic image. This value of x0 can be
converted into an angle by direct application of Eq. (2.7). This angle is the position
of the secondary image.
Our algorithm for numerically calculating the magnification in Eq. (3.7) is as
follows: we differentiate the lens equation (3.2) with respect to time (signified by
an overdot) and obtain
dγ
dθ
=
dα
dθ
−
(
− DL
D2LS
θ
˙DLS
θ̇
+
DLS
DS
)
. (3.9)
This complicated expression is trimmed by dropping the term in parentheses. This
is justified because numerical evaluation of Eq. (3.9) term showed that the term in
parentheses is at least two orders of magnitude smaller than the dα/dθ term. This
simplification is valid for all secondary images considered in this chapter. Dropping
the term in parentheses leaves us with
dγ
dθ
=
dα
dθ
=
dα
dx0
dx0
dθ
. (3.10)
Calculations of the expression dα
dx0
dx0
dθ
was accomplished earlier in Eq. (2.13) and Eq.
(2.18). This allows us to use Eq. (3.7) to numerically evaluate the magnification of
secondary images, which will be implemented in the next section.
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Star a[”] e i[◦] Ω[◦] ω[◦] tP [yr] T[yr] K
S2 0.123 ± 0.001 0.88 ± 0.003 135.25 ± 0.47 225.39 ± 0.84 63.56 ± 0.84 2002.32 ± 0.01 15.8 ± 0.11 14
S14 0.256 ± 0.01 0.963 ± 0.006 99.4 ± 1. 227.74 ± 0.7 339 ± 1.6 2000.07 ± 0.06 47.3 ± 2.9 15.7
S6 0.436 ± 0.153 0.886 ± 0.0026 86.44 ± 0.59 83.46 ± 0.69 129.5 ± 3.1 2063 ± 21 105 ± 34 15.4
Table 3.1: Orbital parameters of the S Stars examined in this thesis: a is the
semimajor axis, e is the eccentricity, i is the inclination of the normal of the orbit
with respect to the line of sight, Ω is the position angle of the ascending node, ω is
the periapse anomaly with respect to the ascending node, tP is the epoch of either
the last or next periapse, T is the orbital period, and K is the apparent magnitude
in the K band (data taken from [108]).
3.2 Results
3.2.1 S2
S2 was one of the first stars to be studied for the effects of lensing on its radiation.
This is largely because S2 has been observed for a long time and its parameters are
well known. Although the high inclination of S2’s orbit relative to the galactic plane
(i = 135◦) means that S2 will never be well aligned with the optic axis connecting
Earth and Sgr A*, S2’s close periapse and brightness of 14 magnitudes in the K
band (mK = 14) make it a promising star for the study of strongly lensed images.
As can be seen in Eq. (3.7), the magnification of a secondary image goes ∝ 1/D2LS.
Since S2 makes a very close approach to Sgr A*, as close as 127 AU, its secondary
image becomes relatively bright. The variation of DLS with time is shown in Fig.
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Figure 3.3: The distance between the star S2 and Sgr A* as a function of time. The
orbit has a period of 15.8 years and its next periapse will be in early 2018.
In addition, the brightness of S2’s secondary image is enhanced by the fact that
at periapse, the star is approaching its best alignment to the optic axis connecting
Earth to Sgr A*. At periapse, γ = 50.9◦ and γ reaches its minimum about 12 days
later at γ = 45.3◦. From later calculations, we will see that the image brightness
actually peaks about 2 days before the minimum value for γ. Peak brightness
occurs when γ = 45.4◦. After that time, even though γ continues to decrease, the
increasing distance of S2 compensates for this and the secondary image starts to
grow fainter. The value of γ over time is displayed in Fig. 3.4.
Using a variation of the algorithm outlined in Sec. 3.1 and the values in Table
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Figure 3.4: The angle between the line connecting S2 and the optic axis. This angle
changes very rapidly during periapse.
3.1, Bozza calculated the light curve of the secondary image of S2 [136]. He found a
peak brightness of mK = 26.8. In Fig. 3.5, we have produced a graph that compares
the light curve for the secondary image of S2 using the Schwarzschild metric with
light curves calculated using the TRN metric with a q/r2 term. The motivation for
this metric is discussed in Sec. 1.3.3. In Fig. 3.5, we calculate the light curve for
Q = M2 in the TRN metric of Eq. (1.104), which is equivalent to q = 0.25. This
represents an extremal RN (ERN) black hole — this or any higher value of q would
result in a naked singularity and is expected to be nonphysical. We also calculate
the light curve for S2 when we set q = −1.6 and plot it on the same graph.
Figure 3.5 shows that the secondary image in the TRN spacetime (q = −1.6) is
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Figure 3.5: The light curve for the secondary image of S2 is dependent on the choice
of metric in the strong field. This figure contains light curves for an entire period of
the orbit of S2, showing how the brightness of the secondary image in the K band
changes over time, peaking near the periapse. This figures displays three curves,
each corresponding to a different value of q.
brighter than the secondary image in the Schwarzschild and extremal RN (ERN)
spacetimes. In the wings of the light curve, both the ERN and TRN curves are
brighter than the Schwarzschild spacetime. At minimum brightness, the apparent
magnitude of the secondary image is mK = 35.9 in the Schwarzschild spacetime,
mK = 35.6 in the ERN spacetime, and mK = 35.5 in the TRN spacetime. The
bending angle for these images is α ≈ 7π/10. These images are not much brighter
than the relativistic images discussed in Sec. 2.1.2, and their observational prospects
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are not much better. This will be further discussed in Sec. 3.4. In Fig. 3.5, it is
difficult to determine the features of the curve around peak brightness, so this period
is shown in Fig. 3.6.
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Figure 3.6: This image contains the light curves of the secondary image of S2 in
the year around the short period including periapse and peak brightness.
At peak brightness, there is a difference of about 0.4 magnitudes, or 44%,
between the secondary image in a Schwarzschild spacetime and the image with
q = −1.6, with the image being brighter in the TRN spacetime. The relationship
between q and the peak brightness of the secondary image is catalogued in Table
3.2. The observational prospects for this difference in brightness will be discussed
in Sec. 3.4. Interestingly, the image in the ERN is marginally fainter (0.05 mag-
nitudes) than the image in the Schwarzschild spacetime, despite it being brighter
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than the Schwarzschild image in the wings of the light curve. This will be com-
mented on in Sec. 3.3.2. However, the upshot of the increased brightness of the
image in the TRN spacetime is that if the metric around the black hole has 5D
behavior encoded in a 1/r2 term, than for a large enough value of −q, there is a
significant variation in the brightness of the secondary image. This implies that if
we can observe a secondary image near Sgr A* and precisely measure its brightness,
this can tell us the form of the metric near the black hole in the galactic center. We
will now perform a similar analysis for the secondary images of S14.
3.2.2 S14
S14 is an interesting case for the analysis of lensing. The orbit is nearly edge-on
with the galactic plane (i = 99.4◦) and because of its eccentricity, its periapse comes
extremely close to Sgr A* (about 79 AU). We display the distance between S14 and
Sgr A* over time in Fig. 3.7. Since the orbit of S14 is highly eccentric (e = 0.963),
the orbit very closely approaches Sgr A* despite being very distant for most of its
orbit. However, a high eccentricity also means that S14 is only near periapse for
a short period of time. S14 spends about two months within a distance twice its
periapse.
The behavior of the angle γ over time is displayed in Fig. 3.8. At the point of
maximum alignment, which occurs a little over two months after periapse, γ = 9.4◦.
This is a relatively small angle, which will lead to a relatively bright secondary
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Figure 3.7: The distance between the star S14 and Sgr A* as a function of time.
The orbit has a period of 47.3 years and its next periapse will be in mid-2047. The
periapse is about 79 AU.
image. However, the rapid motion of S14 near its periapse means that the star
moves out of alignment very quickly, and the brightness of the secondary image
peaks and fades very quickly.
Since the secondary image of S14 will only be bright near periapse and when the
alignment angle is small, we look at the light curve for the secondary image near
the peak epoch in Fig. 3.9. Also, since the difference between the light curves in
the ERN and Schwarzschild spacetimes is even smaller than was the case for S2’s
curves, we suppress the illustration of the ERN curve in Fig. 3.9. The light curve
shows a smaller difference between the TRN curve and the Schwarzschild curve than
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Figure 3.8: The angle between the line connecting S14 and the optic axis. This
angle changes very rapidly during periapse.
in the case of S2. In addition, the brightness peaks and fades more quickly as well.
In early 2047, we can see that a small secondary peak associated with periapse
will occur, while the main peak will occur about two months later at maximum
alignment. The dependence of the image’s peak brightness on q is catalogued in
Table 3.2.
3.2.3 S6
Of all known stars, S6 is expected to have the brightest secondary image at peak.
Its orbit is close to close to edge-on (i = 86.44◦). The parameters of S6 are more
uncertain than those of the rest of the S stars analyzed here, but we analyze them as
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Figure 3.9: The light curve for the secondary image of S14 near its periapse and
peak brightness shows a small effect at peak due to a 1/r2 term. For the TRN
curve, q = −1.6.
a demonstration of potential physics from secondary images. The distance between
Sgr A* and S6 over time is given in Fig. 3.10. S6 has a periapse at distance 416
AU.
Figure 3.11 displays the value of γ for S6 over time. It has a very interesting
structure in that γ is very large except for a very short time that occurs about
3 months before periapse. This makes the secondary image of S6 relatively dim
except for near the epoch of maximum alignment when γ = 3.6◦. However, there is
a very slight brightening in early 2069, which corresponds to the point at which γ
comes close to π, which would represent a perfect retro-lens [134]. However, even
121
2020 2030 2040 2050 2060 2070 2080 2090 2100 2110
0
1000
2000
3000
4000
5000
6000
7000
Year
D
L
S
HA
U
L
Figure 3.10: The distance between the star S6 and Sgr A* as a function of time.
The orbit has a period of 105 years and its next periapse will be in 2063. The
periapse is about 416 AU.
at this secondary peak, the brightness of this secondary image is less than mK = 35
and it therefore has not been displayed. The light curve for the secondary image of
S6 is displayed in Fig. 3.12.
The secondary image of S6 gets as bright as mK = 20.7 in a Schwarzschild
spacetime and marginally higher in a TRN spacetime. The difference between the
peak in a Schwarzschild spacetime and an ERN spacetime is negligible. The image
stays bright for a relatively short period around the period of maximum alignment.
In this section, we have demonstrated that for certain stars, the addition of a
1/r2 term in the metric, if it is large enough, can cause sizeable variations in the
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Figure 3.11: The angle between the optic axis and the line connecting S6 with Sgr
A*. This angle changes very rapidly as S6 approaches maximum alignment shortly
before periapse.
brightness of secondary images at peak brightness. This suggests that the form of
the metric can be tested by the properties of secondary images. In the next section,
we will explain why the “gap” in brightness between an image in a TRN spacetime
and the Schwarzschild spacetime is larger for the case of S2, smaller for the case of
S14, and even smaller for the case of S6.
3.2.4 Magnifications in Different Spacetimes
The size of the gap between the brightness of a secondary image at peak in two
spacetimes can be explained by the alignment of the star with Sgr A* at peak
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Figure 3.12: The light curve for the secondary image of S6 near its time of closest
alignment with the optic axis. There is a very small effect due to a 1/r2 term at
peak brightness — the two curves are barely distinguishable. In this case, q = −1.6
for the TRN curve.
brightness. S2, because of the inclination of its orbit with respect to the plane
containing Earth and Sgr A*, is not well aligned with the optic axis at the time
of peak brightness (γ0 = 45.4
◦ where γ0 is γ at peak brightness). Despite this, the
secondary image is still bright because of S2’s close approach to Sgr A*. However,
because the source is at a large angle, the secondary image appears very close to
the black hole (43 µ as in the Schwarzschild, q = 0 limit). Light from a non-aligned
source must pass close to a black hole be deflected enough to reach the observer.
Because light passes so close to Sgr A*, as the point of closest approach is never
124
further than 3.5 Schwarzschild radii (x0 ≈ 3.5), the Q/r2 term is more dominant
and its effects are more pronounced. Hence, the TRN metric produces an image
that is significantly brighter than the one produced by the Schwarzschild metric.
On the other hand, S14 is more closely aligned with the optic axis at peak
brightness (γ0 = 9.4
◦). Hence, the secondary image, while brighter relative to the
source than S2’s image, is further away from the optic axis (136 µ as) and the
minimum point of closest approach is greater (x0 = 12.8). Consequently, the effects
of the Q/r2 term are less noticeable than in the case of S2. S6 is highly aligned
with the optic axis (γ0 = 3.6
◦) and, correspondingly, the null geodesic forming the
secondary image passes even further from the black hole at peak brightness, giving
an image position of 316 µ as [126] and a point of closest approach of as great as
30.5 Schwarzschild radii.
For each star, the properties of its secondary image depends on the value of Q
in Eq. (1.104). In Fig. 3.13, we examine the relationship between the q parameter
and observables such as image magnitude and position for the secondary image of
S2 at peak brightness.
The relationship between q and observables is very similar for the secondary
images of S6 and S14, so we have not shown graphs illustrating these relationships
as well. Instead, we have compiled Tables 3.2 and 3.3, which explore the variation
of image observables with q for both positive and negative values of q. We have
explored values of q as high as 0.4 which represents a superextremal RN black hole.
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Figure 3.13: This figure displays the relationship between q and image observables
for S2. The relationship between q and the apparent magnitude in the K-band (top)
shows that brightness is inversely related to q . This is related to the fact that the
angular position of the secondary image, θ, also has an inverse relationship with q
(bottom).
As discussed in Sec. 2.1.4, the radial magnification for a secondary image in TRN
spacetime with negative q is smaller than its Schwarzschild counterpart. Hence, the
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Star 2
5
1
5
0 −1
5
−2
5
−3
5
−4
5
−1 −6
5
−7
5
−8
5
S2 26.88 26.83 26.78 26.73 26.68 26.63 26.58 26.53 26.49 26.45 26.41
S14 23.54 23.52 23.5 23.48 23.47 23.45 23.43 23.42 23.40 23.39 23.37
S6 20.76 20.75 20.74 20.74 20.73 20.72 20.72 20.71 20.71 20.70 20.69
Table 3.2: This table gives the peak brightness of the secondary image for each
star at several values of q. As |q| gets bigger, the effect gets larger in all cases.
However, the increase in brightness with as q gets smaller is more pronounced for
stars that are less aligned with the optic axis. For S2, a decrease in q creates a
significant increase in the brightness of the secondary image. Since only a small
value is allowed for a positive q (to avoid a naked singularity) and q has few bounds
in the negative direction, negative q is a more promising avenue for exploration.
primary contribution to differences in image magnifications when using the TRN is
the tangential magnification
µt =
sin θ
sin γ
. (3.11)
Since θ grows larger as −q does, µt is larger in a TRN spacetime with negative
q. When r0 is small, the contribution of the Q/r
2 term is more important and
therefore, the TRN metric has a bigger effect for stars whose secondary images
have a smaller r0 and have a closer approach to the black hole.
The effect of black hole spin on secondary and relativistic images was studied
by [127] and commented on by [136]. In this paper, we have not studied the effects
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Star 2
5
1
5
0 −1
5
−2
5
−3
5
−4
5
−1 −6
5
−7
5
−8
5
S2 35.9 39.6 42.6 45.2 47.5 49.7 51.6 53.5 55.3 57.0 58.6
S14 130.5 133.1 135.6 138.0 140.3 142.5 144.7 146.8 148.8 150.8 152.8
S6 311.5 313.8 316.1 318.3 320.6 322.7 324.9 327.0 329.1 331.2 333.2
Table 3.3: This table gives the angular position in µ as of the secondary image
relative to the optic axis at the star’s periapse. As |q| gets bigger, the effect gets
larger in all cases. However, for positive q, θ gets smaller as q gets bigger. θ gets
larger with negative q. Although the change in angular position with change in q
seems to be very similar in the case of all the stars, the shift represents a bigger
relative shift for the ones with smaller angular position.
of the Kerr metric for several reasons. Firstly, evaluation of lensing in a Kerr
spacetime is far more challenging than the study of a TRN spacetime, so we have
started with a less ambitious project. Also, while for higher order images, spin can
greatly change the magnification, this is not true for secondary images [127, 136],
so the effect of the black hole’s spin is less significant. Still, the magnification of
secondary images depends on the magnitude and direction of the black hole’s spin
and secondary images in the Kerr spacetime are worthy of further study. Some work
on rotating black holes and their lensing effects has already been done [140, 141],
including some work on rotating braneworld black holes [122].
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3.3 Relativistic Images of S Stars
Since relativistic images appear very close to a black hole’s photon sphere, we expect
that the properties of these relativistic images to reflect the metric for the black
hole. In [127], Bozza and Mancini suggest the study of images using SDL formalism.
We will apply the SDL formalism to relativistic images for both the ERN and
TRN metrics. The study of relativistic images is relatively simple because the SDL
formalism is more robust and less computationally intensive than the numerical
method used for the secondary images. Since the SDL formalism is accurate when
applied to relativistic images as demonstrated in Sec. 2.3, we can use it for the
study of relativistic images of S stars. We can use these insights to make some
comments about secondary images as well. We will now review the SDL formalism
and its application the relativistic images of an orbiting source.
In the SDL formalism, the bending angle is of the form of Eq. (1.54):
α(θ) = a log
(
θ
θm
− 1
)
+ b, (3.12)
where θm ≡ um/DL. The quantity θm represents the angular size of the photon
sphere to the observer. The bending angle is solved for θ and its dependence on
time:
θ(t) = θm
[
1 + e(b−γ(t))/a
]
. (3.13)
The magnification is derived from Eq. (3.7). The definition of θ in Eq. (3.13) makes
it straightforward to calculate dθ/dγ. In addition, the small angle approximation
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makes sin θ ≈ θ. The magnification is then
µ(t) = − DS
D2LS(t)
θ2me
(b−γ(t))/a
[
1 + e(b−γ(t))/a
]
a sin γ(t)
. (3.14)
The formulations in Eqs. (3.13) and (3.14) are particularly powerful because the
time dependence of DLS and γ are determined by well known orbital parameters
(see Sec. 3.1).
To consider the case of a relativistic image, we consider the source to be at
γ(t) + 2π. This reflects the scenario of light looping around the black hole before
reaching the observer. We consider this the first relativistic image. We will now
perform an analysis of the first relativistic image for the three stars analyzed in Sec.
3.2.
3.3.1 Relativistic Image Positions
Relativistic images form very close to the position of the photon sphere. This
is because light from a star would need to pass close enough to the black hole
to generate a large enough deflection for it to loop around the black hole before
reaching the observer. The greater the bending angle required to reach the observer,
the closer light must approach to the black hole. When a star is more aligned with
the optic axis, the bending angle required is smaller. Therefore, the image will
appear at a slightly larger angle. We would like to analyze how relativistic images
appear relative to the photon sphere in the Schwarzschild, TRN (q = −1.6), and
the ERN (q = 0.25) spacetimes. The size of the photon sphere is different in each
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spacetime, but we consider the image’s position relative to the photon sphere. For
an observer on Earth, the size of the photon sphere is θm = 27.5 µ arc sec in a
Schwarzschild spacetime, θm = 44.8 µ arc sec in a TRN spacetime, and θm = 21.2 µ
arc sec in an ERN spacetime. We are more interested in the relationship between
the image position and the photon sphere over time in each spacetime, which we
demonstrate in Fig. 3.14, than in the actual position of the image over time. In
Fig. 3.14, we show the ratio of the image position to θm over time.
There are several interesting results in Fig. 3.14. First is that although the
image position in the ERN spacetime is smaller than the image position in the
other two spacetimes, the image shifts considerably more relative to the photon
sphere. In terms of the different spacetimes, relativistic images appear closest to
the photon sphere in the TRN spacetime, a little more distant from the photon
sphere in the Schwarzschild spacetime, and the most shifted images appear in an
ERN spacetime. Secondly, the shift relative to the photon sphere, for all spacetimes,
in smallest for S2, greater for S14, and greatest for S6. Understanding these effects
can give us insight into the strong lensing that takes place near a black hole.
The images appear closest to the photon sphere for S2. This is due to the poor
alignment of S2 with the optic axis even at its peak alignment (γ0 = 45.3
◦). Light
must pass close to the photon sphere to generate the extra deflection required to
make up for the large source angular position. S14 is better aligned (γ0 = 9.4
◦) and,
therefore, light undergoes a smaller deflection and its images appear further from
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the photon sphere. Of the stars studied, S6 has the best alignment (γ0 = 3.6
◦), its
light requires the smallest deflection, and its images appear the furthest from the
photon sphere.
We can explain the relationship between the spacetime and position of the rel-
ativistic image relative to the photon sphere by considering the plot of the bending
angle in each spacetime. In Fig. 3.15, we plot the bending angle of the three
spacetimes we study as a function of closest approach. The bending angle function
is steepest for the ERN metric. As the point of closest approach approaches the
photon sphere, the bending angle in the ERN spacetime is largest. The bending
angle for the Schwarzschild spacetime does not descend as quickly, and the descent
is gentlest for the TRN spacetime. For a given source, lens, and observer configu-
ration, the bending angle is determined. By inspection of Fig. 3.15, the value of
r0/rm required to generate that bending angle is smallest for the TRN spacetime
and largest for the ERN spacetime. Hence, the image in the ERN spacetime appears
furthest from the photon sphere on a relative (to the photon sphere) basis.
The reason for the results in Fig. 3.15 is the rate at which the metric function
A (r) reaches its asymptotically flat value of 1. In the integral for the bending
angle in Eq. (1.14), the metric coefficient A(r) acts as a potential term, deflecting
photons in accordance with how deep they travel into the potential well near the
black hole. The TRN metric displays a steep potential. Therefore, for an image
to be significantly deflected, it must come closer to the photon sphere in order
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to get deeper into the potential well. Since the potential well is not as steep for
the Schwarzschild metric, light can reach a point further from the photon sphere
and still undergo the same deflection angle as light approaching closer to a TRN
black hole. Because the potential in an ERN spacetime decreases even more slowly,
images with large deflection angles have a point of closest approach even further
away from the photon sphere and still undergo the same deflection. This explains
why the relativistic images in an ERN spacetime appear relatively far away from
the black hole’s photon sphere.
The shape of the bending angle function in Fig. 3.15 has an important role
to play in the magnification of relativistic images. The radial magnification of an
image is proportional to dα/dθ, which is proportional to dα/dr0. As can be clearly
seen from Fig. 3.15, the slope of α (r0) is greatest for the ERN curve and, hence,
its radial magnification is larger. However, the tangential magnification, which
is directly related to the actual image position, is smaller for an ERN spacetime
because the photon sphere is small in the ERN spacetime. Therefore, its tangential
magnification is decreased relative to the other spacetimes. Magnification is µrµt;
which trend is stronger? We answer this question by calculating the brightness of
the first relativistic image for S2, S14, and S6 in the next sections.
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Figure 3.14: The ratio of θ/θm over time for S2 (top), S14 (middle), and S6 (bottom)
for slightly more than one orbital period.
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Figure 3.15: This figure displays α(r) for our usual three metrics. We calculate
this function using the SDL formalism, and the point of closest approach is given
in coordinates of rm. Here we show the bending angle very close to the photon
sphere. In this way, we see the dependence of the bending angle on distance from
the photon sphere. As can be seen, the bending angle for the ERN is noticeably
larger than the other two near the photon sphere.
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Figure 3.16: This figure displays the A(r) term for our usual three metrics. In all
cases, A(r) asymptotes to 1. The coordinate is r normalized by the radius of the
photon sphere in that particular spacetime. This way, we see the dependence of the
metric term on distance from the photon sphere.
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3.3.2 Brightness of Relativistic Images
In this section, we will use the SDL formula for image magnification in Eq. (3.14)
to calculate the apparent brightness of the first relativistic image of S2, S14, and
S6 over the course of their orbit around Sgr A*.
S2
In Fig. 3.17, we plot the brightness of the first relativistic image over time. At
peak brightness, and at all other times, the brightest image is the one in the ERN
spacetime. As explained in the previous section, the increased radial magnification
in the ERN spacetime more than makes up for the fact that image positions in
the ERN spacetime are smaller. At peak, the ERN image is about 1.2 magnitudes
brighter than the Schwarzschild image and about 1.7 magnitudes brighter than the
TRN image. When the images are fainter, the differences are even greater, as many
as 2.5 magnitudes can separate the ERN image and the fainter TRN image, and
the ERN image can be as many as 1.7 magnitudes brighter than the Schwarzschild
image. The peak brightness of all images, both secondary and relativistic, occurs
during the period between periapse and maximum alignment about 13 days later.
Interestingly, the peak brightness of relativistic images occurs a bit earlier than the
peak brightness of the secondary image. And even within relativistic images, peak
brightness occurs at slightly different times for each metric. In terms of time after
periapse, the ERN image peaks about 7.9 days after periapse, the Schwarzschild
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image 8.4 days, the TRN image 8.7 days, and the secondary image 10.4 days. This
effect is a theoretical point that buttresses our previous discussion about the ef-
fects of a steeper bending angle. As S2 moves away from periapse, the 1/D2LS term
contributes towards dimming the image. However, as γ continues to grow smaller
as S2 approaches its maximum alignment, the term dθ/dγ grows and contributes
to brightening the image. For part of the period between periapse and maximum
alignment, the increase in dθ/dγ offsets the decrease in 1/D2LS and the image con-
tinues to brighten. However, as γ grows smaller, the photons do not go as deeply
into potential well as they require a smaller bending angle. Since the bending angle
function in all spacetimes flattens as r0 gets larger, dθ/dγ grows at a smaller rate
and eventually, the decreasing 1/D2LS term dominates and the image starts to grow
fainter. For an image in an ERN spacetime r0/rm is greater than it is for a TRN
or Schwarzschild spacetime — for a given configuration and required value of α,
light in the TRN requires a path that brings it closer to the photon sphere. In an
ERN spacetime, however, a larger value of r0/rm generates the same bending angle.
Therefore, the image in the ERN spacetime is in a flatter part of the bending angle
function in Fig. 3.15, and the bending angle does not decrease as quickly as γ de-
creases. Hence, the radial magnification does not go up as quickly as γ approaches
periapse, and the image reaches peak brightness quicker. Since the image in the
TRN spacetime is stuck deeper in the black hole’s potential, near the photon sphere,
as γ decreases, the bending angle decreases quicker, leading to a greater increase in
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tangential magnification, and the image continues to grow brighter. Perhaps more
important than any observational possibilities, which are quite dim at this scale, the
study of these details challenges and expands our understanding the details of the
magnification mechanism, dynamics in the vicinity of a black hole, and the subtle
effects that come into play for relativistic images.
S14
In Fig. 3.18, we calculate and plot the brightness of the first relativistic image over
time for S14. As can be seen in Fig. 3.18, the same basic trends hold as for the
image of S2. The ERN image is the brightest, followed by the Schwarzschild image,
with the TRN image being the faintest. The brightness of S14’s secondary image
has two peaks. The main peak is shortly after periapse and before the maximum
alignment of S14 about 22 days later. However, there is a secondary sub-peak that
corresponds with S14 approaching γ = π which is a favorable configuration for
lensing. This peak occurs 21 days after γ makes its closest approach to π. At peak
brightness, the ERN image is about 1.4 magnitudes brighter in the K band than the
TRN image and about 1 magnitude brighter than the Schwarzschild image. These
differences are not as wide as the gap between the brightness of S2’s images. This is
because the greater alignment of S14 means that photons need a smaller deflection
angle to reach the observer and do not travel as deep into the potential well around
the black hole. The value of r0 is larger, and therefore, the effects of the 1/r
2 term
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are not felt as strongly and the images in different spacetimes appear more similar.
S6
In Fig. 3.19, we display the brightness of the first relativistic image over time for S6.
The main dynamic at work for the relativistic images of S6 is its maximum align-
ment, which is very good in the case of S6. The maximum alignment occurs about
four months before periapse, and peak brightness occurs within about twelve hours
after maximum alignment. There is a secondary peak that occurs about seven years
after peak brightness when S6 becomes close to retro-alignment (which would occur
if γ = π). At peak brightness, the ERN image is about 1.3 magnitudes brighter
than the TRN image and about 1 magnitude brighter than the Schwarzschild image
in the K band. Again, the high alignment of S6 is what makes the gap between
the brightness of the different images narrower than in the case of the images of S2
and S14.
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Figure 3.17: The brightness in the K band of the first relativistic image of S2 in three
different spacetimes over the course of a little more than an orbital period (top).
The lower panel displays a close up of the brightness in the period surrounding peak
brightness.
141
2070 2080 2090 2100 2110
35
36
37
38
39
40
41
42
43
44
45
46
Year
K
ERN
TRN
Sch
1999.5 2000 2000.5
35
36
37
38
39
40
41
42
43
Year
K
ERN
TRN
Sch
Figure 3.18: The brightness in the K band of the first relativistic image of S14
in three different spacetimes over the course of a little more than an orbital pe-
riod (top). The lower panel displays a close up of the brightness in the period
surrounding peak brightness.
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Figure 3.19: The brightness in the K band of the first relativistic image of S6 in three
different spacetimes over the course of a little more than an orbital period (top).
The lower panel displays a close up of the brightness in the period surrounding peak
brightness.
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3.4 Discussion
Of the three stars studied in this paper, S14 and S6 have brighter secondary images
at periapse compared to S2’s image because of the more edge-on nature of their
orbits relative to our line of sight with Sgr A*. While the orbit of S2 is not aligned
close to edge-on, its periapse is the closest amongst known stars, causing its sec-
ondary image to be comparatively bright. In addition, S2 will next be at periapse
in 2018, allowing for a more immediate study of its image’s properties.
As mentioned above, the brightness of secondary images is dependent on q be-
cause the images are either pushed closer or further from the optic axis when there is
a 1/r2 term in the metric. This is directly related to the difference in the size of the
event horizon and photon sphere due to the value of q. Another, and perhaps easier,
way of determining the metric around the black hole would be to measure the shape
and size of the black hole’s horizon or photon sphere. A preliminary attempt at this
has been made [102], but they were unable to identify the observed structure with
the black hole itself. At present, there are no constraints which would prevent the
size of the event horizon from being significantly larger or smaller than predicted in
a Schwarzschild spacetime (but not by an order of magnitude [142]). In addition,
since the photon sphere is so small, even a relatively large percentage change in its
size corresponds to only a few µ as. Resolving the difference between two proposed
photon sphere sizes may be beyond the capabilities of projected future instruments.
In this case, observing secondary images may provide more information.
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There has been some discussion about observing these secondary images with
the upcoming generation of telescopes [126]. A very promising project is the Multi-
AO Imaging Camera for Deep Observations (MICADO) telescope [133] at E-ELT.
It is expected to be able resolve images as faint as mK = 30.1 and will have a
resolution of up to 6 milli as in imaging mode (10 milli as in the K-band) and an
astrometric accuracy of up 10 µ as. It also will have a photometric accuracy of
0.03 magnitudes. From the data shown in Table 3.3, trying to resolve the difference
between an image’s position in the Schwarzschild metric and an image’s position
in the TRN metric is next to impossible given the small separation between these
positions.
Therefore, it is important to explore not only image (and photon sphere) posi-
tions, but to use image magnifications as a complementary avenue for exploring the
metric. If the secondary images in this paper were isolated point sources, MICADO
would not have any problems detecting them and even differentiating between two
predicted values for image brightness (assuming the difference is larger than the
photometric accuracy). However, these images will be very close to and essentially
irresolvable from Sgr A* and its crowded environment. This is not a fatal flaw,
because Sgr A* is very faint in the Near Infrared K-band (λ = 2.2 µm), and it
may be feasible to subtract out the quiescent state of Sgr A* in the K band. Some
studies [143, 144, 145, 146] claim that Sgr A* has a highly variable “quiescent”
state of mK ≈ 17. In addition, there are occasional flares that can be brighter than
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mK = 16 and last on a scale of hours. While the flares are thought to originate
very close to the black hole, it is not clear whether the “quiescent” radiation in the
K band comes from Sgr A* itself or whether it comes from the fact that the lower
resolution (65 milli as) in the survey includes one or more sources in the area near
Sgr A*. The currently known star with the closest approach is S14, which appears
to be as close as 9.5 milli as from Sgr A* at the point of closest approach — at
all points, MICADO should be able to resolve S14 and many other closely moving
stars from Sgr A*. There may be other, unidentified stars that are currently con-
flated with radiation from Sgr A* but will be separated with MICADO’s increased
resolution. Better resolution in future surveys combined with furthering our under-
standing of radiation in the Galactic center can lead to the realistic possibility of
observing secondary images. MICADO’s photometric accuracy should be able to
distinguish many of the image brightness differences discussed in this paper. This
assumes that when viewed with a fine enough resolution, Sgr A* does not emit too
brightly in the K band and source crowding is not insurmountable. Even if flares are
observed, they persist for a time scale much shorter than secondary images (which
remain bright for months) and should be easily distinguished from the quiescent
state. Additionally, it is expected that an additional 100-102 S stars will be found
in the central milliparsec of the galaxy [147], yielding additional and perhaps even
better candidates to observe secondary images with the right properties to give us
insight into the metric near the black hole. It may not be possible to accurately
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treat stars that close to Sgr A* with the thin-lens approximation, but in that case,
a more exact numerical treatment can be utilized [127, 148].
Observing secondary images of S stars will be challenging, but we may very well
find that it is possible to observe faint secondary images and use their properties to
give us insight into the true nature of gravity. This exciting prospect should be an
additional motivation for the next generation of observational instruments aimed
at the galactic center.
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Chapter 4
Secondary Images as a Check for
Boson Stars in the Galactic Center
Although no fundamental scalar field (one not composed of quarks) has ever been
observed in accelerators or elsewhere, they are an important concept in physics.
The Higgs boson is expected to be found shortly [149]. Scalar fields are a proposed
mechanism for inflation [19] and a component of a solution to the rotation curve
problem [31]. Effective theories of gravity built from higher dimensional models
often contain scalar fields [150]. Higgs sector solitons have also been proposed
as a model for dark matter [151]. The presence of a collection of scalar particles
described by a complex scalar field, or a boson star, has been studied as a model for
dark, compact matter. The term “boson star” is a generic name for the solution of
a complex scalar field that satisfies certain equations, but it is also used to refer to
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a solution for a specific form of self-interaction potential of the scalar field, as will
be explained below. Boson stars are proposed as a potential massive compact halo
object (MACHO) in [152].
The lensing properties of supermassive boson stars were studied by [66]. Boson
stars have several interesting properties as lenses. Firstly, the scalar field does not
couple to the electromagnetic field, making boson stars transparent. In addition,
a stable boson star is larger in size than a black hole of identical mass, with its
mass distribution described by a function that must be determined numerically (as
opposed to the Schwarzschild case, which describes a point mass with a well known
metric). However, boson stars are not much larger than a black hole of comparable
mass. The exact size of a boson size is determined by the value of some of its
parameters, but for many values a boson star is larger than a black hole of similar
mass by about an order of magnitude. The compactness of boson stars creates
allows for the deflection of light by large angles. However, unlike the case of the
black hole, where the deflection limit has no upper limit, the finite size of the boson
star creates an upper bound for the deflection angle. The fact that boson stars are
transparent allows a boson star to produce as many as 3 lensed images, in contrast
with the two images of a point source (excluding relativistic images). In boson star
lensing, at least one of the images will appear in the sky “within” the boson star.
In addition, there are radial caustics for boson stars, a curve on the source plane
which results in a formally infinite magnification, which may aid the detection of
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images lensed by boson stars by greatly magnifying them. The study of lensing by
boson stars is important because it represents a test for a proposed astrophysical
object that has never been observed. The detection of scalar fields through this
method would represent a very important breakthrough. In addition, the presence
of a boson star in the galactic center as an alternative to a black hole is consistent
with current observations [13, 153, 154], so the lensing offers a method to test this
hypothesis. While it is considered unlikely that the dark mass at Sgr A* is a boson
star, lensing may have the ability to provide evidence of the presence or absence of
a boson star at the galactic center.
In this chapter, we explore the observational effects on lensing of S stars if the
central mass in the galaxy is a boson star. In Sec. 4.1, we outline the concept
of a boson star and describe the numerical solution of the coupled Einstein and
Klein-Gordon equations for the metric functions of a boson star. We then give a
brief overview in Sec. 4.2 of the lensing features unique to boson stars. We will then
qualitatively describe how we might expect a boson star to affect the lensing of S
stars and give some examples. We conclude that there will be lensing signatures if
the central object in galaxy is a boson star and not a black hole. We offer some
possible future research directions in Sec. 4.3.
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4.1 Boson Stars
A boson star (BS) is a localized solution of the coupled system of Einstein equa-
tions and the Klein-Gordon equations when applied to a complex scalar field Φ.
The solution depends on the form of the self-interacting potential U(|Φ2|), and the
solutions for different forms of the potential have been given different labels. The
field Φ is taken to obey the coupled Einstein and Klein-Gordon equations. The
Klein-Gordon equations are
(
 +
dU
d|Φ|2
)
Φ = 0, , (4.1)
(
 +
dU
d|Φ|2
)
Φ∗ = 0, , (4.2)
where  ≡
(
1/
√
|g|
)
∂µ
(
√
|g|gµν∂ν
)
. For the general form of U(|Φ2|), the La-
grangian density of this field coupled to gravity is
LBS =
√
|g|
16π
{
R + 8π
[
gµν (∂µΦ
∗) (∂νΦ) − U
(
|Φ2|
)]}
. (4.3)
The Einstein equations emerge from varying the Lagrangian density in Eq. (4.3)
and are
Gµν = Rµν −
1
2
gµνR = −8πGTµν (Φ) . (4.4)
The stress-energy tensor Tµν of the scalar field is
Tµν (Φ) =
1
2
[(∂µΦ
∗) (∂νΦ) + (∂µΦ) (∂νΦ
∗)] − gµνL (Φ) /
√
|g|. (4.5)
The system of equations (4.1-4.5) is solved using a spherically symmetric ansatz
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for the scalar field,
Φ (r, t) = P (r) eiωt. (4.6)
The metric is the general spherically symmetric form in the area gauge:
ds2 = eν(r) − eµ(r) − r2
(
dθ2 + sin2 θdφ2
)
. (4.7)
We follow the derivation of [155]. The non-vanishing components of the energy-
momentum tensor are
T0
0 = ρ =
1
2
[
ω2P 2 (r) e−ν + P ′ (r) e−µ + U
]
, (4.8)
T1
1 = pr =
1
2
[
ω2P 2 (r) e−ν + P ′ (r) e−µ − U
]
, (4.9)
T2
2 = T3 L
3 = p⊥ = −
1
2
[
ω2P 2 (r) e−ν − P ′ (r) e−µ − U
]
, (4.10)
where a prime denotes d/dr. The non-vanishing components of the Einstein equa-
tions are
µ′ + ν ′ = 8π (ρ+ pr) re
µ, (4.11)
µ′ = 8πρreµ − 1
r
(eµ − 1) . (4.12)
The Klein-Gordon equation becomes
P ′′ +
(
ν ′ − µ′
2
+
2
r
)
P ′ + eµ−νω2P − eµP dU (|Φ|
2)
d|Φ|2 = 0. (4.13)
At this point, we have unknown functions µ (r), ν (r), and P (r), but we have
three constraints in Equations (4.11-4.13). We also have boundary conditions
P ′ (0) = 0 and µ (0) = 0 because the metric must be flat at the origin. The
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asymptotic form of the metric functions is also known: a boson star is a compact
object, so at distances x 1 (with x ≡ r/2M), the metric should be Schwarzschild,
with
eν(r) = e−µ(r) = 1 − 2M
r
. (4.14)
At distances comparable to the boson star radius and smaller,
e−µ(r) = 1 − 2M (r)
r
, (4.15)
with
M (r) =
∫ r
0
ρ y2dy. (4.16)
This leaves two boundary conditions — the values of P (0) and ν (0). The value
of P (0) is taken as a parameter, and then “shooting” is used to find values of
ν (0) which allow for an asymptotically flat solution. The system of equations is
then solved to find the metric functions and P (r), which also gives us the function
M (r). To carry out this calculation, I have used the code introduced by Olabarrieta
in [156].
The exact solution and shape of the boson star depends on the form of the po-
tential U (|Φ|2). There are several choices for the potential. With no self-interaction
of the scalar field, the potential is [157]
U
(
|Φ|2
)
= m2|Φ|2. (4.17)
This is often referred to as the mini-BS solution because of the lack of the self-
interaction term. Numerical studies of this solution indicate a maximum stable
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mass for a mini-BS of
Mcrit = 0.633
M2p
m
, (4.18)
where Mp is the Planck mass and m is the mass of the scalar particle composing the
mini-BS. Equation (4.18) is referred to as the Kaup limit. For a scalar particle of
roughly the suspected Higgs mass (about 100 GeV), the maximal size of a mini-BS
is about 1010 kg. Having a supermassive mini-BS of the mass of the dark object at
Sgr A* will require the composing scalar particle to be roughly 10−24 GeV. While
[66] uses the mini-BS model to study gravitational lensing of a massive object of
1010M, this would require an ultralight boson.
In the solution of [158], the potential has the a repulsive self-interaction
U
(
|Φ|2
)
= m2|Φ|2 + λ
2
|Φ|4. (4.19)
This is referred to as the boson star solution. This is sometimes confusing because
the term boson star is often used to refer to any object in the general category of
complex scalar fields obeying the Klein-Gordon and Einstein equations. Yet, the
boson star solutions also refers to the specific case of a complex scalar field with
a |Φ|4 self-interaction term. The mini-BS is the boson star in the case of λ = 0.
The numerical investigations of [158] show that boson stars can be much larger and
more massive than a mini-BS. The critical mass is found to be
Mcrit =
1
π
√
2π
M3p
m2
. (4.20)
If λ is of order unity in Eq. (4.19), a MeV scalar particle can produce a supermassive
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boson star of millions of solar masses [153]. In addition, [153] claims that the metric
coefficients as a function r/M are the same for all values of λ. This allows us to
consider the case of a supermassive boson star.
Finally, the case of the soliton star is investigated by [159]. Its potential takes
the form
U
(
|Φ|2
)
= m2|Φ|2
(
1 − |Φ|
2
Φ20
)2
, (4.21)
where Φ0 is a constant. The critical mass is found to be
Mcrit = 0.0198
M4p
mΦ20
. (4.22)
Since it is usually assumed that Φ0 is roughly equal to the boson mass, a heavy
boson of order 104 GeV would be required to produce a black hole of millions of
solar masses.
There are several scenarios which would reproduce a supermassive scalar field
in the galactic center: an ultralight boson forming a mini-BS, a MeV scale particle
forming a boson star, or a heavy boson forming a soliton star. In the next section,
we will give a short overview of what might be expected from lensing by boson
stars.
4.2 Lensing by Boson Stars
Since we have not been able to implement the code of Olabarrieta to our satisfaction,
we cannot give a full treatment of boson star lensing in this thesis. We hope to do so
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in an upcoming paper. However, we would like to offer a demonstration of what we
might expect for the lensing of S stars if the dark mass at the center of the galaxy is
indeed a boson star. In Sec. 4.1, we showed the system of equations obeyed by the
metric functions in Eq. (4.7). While in this thesis we do not solve for the metric
functions, we copy the form of the metric functions in [153] and demonstrate the
effects on lensing. According to [153], the metric functions, when normalized by
the choice of coordinate x ≡ r/M , are independent of the choice of λ in Eq. (4.19).
Therefore, both a mini-BS and the boson star solution will have the same effect
for lensing. In either event, the solution of a mini-BS, which depends only on the
parameter P (0), the central value of the scalar field, can model the mass at the
center of the galaxy. The higher the central value of the scalar field, the more mass
is distributed close to the center, with the highest possible value central value of
the scalar field is about P (0) = 0.08. For values higher than this, the boson star is
not stable against gravitational collapse.
In [153], there is a model for the mass profile for the case of P (0) = 0.028
(in the paper, the value is P (0) = 0.1, but they have normalized by a factor of
√
4π). We fit our metric functions to reproduce their numerical results and use
these functions to perform an analysis of the lensing around a black hole. For the
value of P (0) = 0.028, [153] finds that the mass of the boson star contained within
a radius x is
M (x) = A2 +
A1 − A2
1 + e(2x−x0)/∆x
, (4.23)
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with A1 = −0.05021, A2 = 0.53161, x0 = 5.24932, and ∆x = 1.83296. We have
substituted 2x for x in the fitting of [153] because we use dimensionless coordinates
x ≡ r/2M where they use x ≡ r/M . The value of this function represents what
value of the mass is concentrated within coordinate x. The maximum value forM(x)
is 0.5316M2p/m, which represents the total mass for the critical value P (r) = 0.08.
Since the metric function eµ(r) is defined by Eq. (4.15), we now have the function
of the metric is terms of x:
eµ(x) =
(
1 − M(x)/M (∞)
x
)−1
, (4.24)
where M (∞) is the value of M (x) at infinity. This is the mass of the entire boson
star. Since M (x) is asymptotically increasing, it is hard to define the exact size of
the boson star. It is usually taken to be the size at which at which M(x)/M (∞) is
a large fraction — values of 95% and 99.9% have been used.
The determination of eν(r) is done through a visual fit of Fig. 6 in [153]. While
this fit isn’t exact, the point of this section is to give a demonstration of the effects
if the black hole at Sgr A* is really a boson star. For this purpose, an approximate
fit suffices. We model the metric function as
eν(x) = 0.2 +
0.8
1 + ex2/9
. (4.25)
The two functions are displayed in Fig. 4.1.
With the metric functions defined, the bending angle is
αBS =
∫ ∞
x0
d
2e[µ(x)+ν(x)]/2
x
√
(
x
x0
)2
eν(x0) − eν(x)
dx. (4.26)
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Figure 4.1: This figure the metric functions gtt and grr as a function of distance
from the origin. Both functions asymptote to 1.
This integral is evaluated numerically. The bending angle as a function of closest
approach is shown in Fig. 4.2.
As can be seen in Fig. 4.2, the maximum bending angle for a boson star in
this configuration is about 44◦ and occurs for a value of x0 ≈ 3. This represents
a particularly compact boson star, and it is important to note that different and
perhaps more interesting results can come from the study of less compact boson
stars. The fact that the bending angle is not monotonously decreasing creates a
more interesting phenomenonology for boson star lensing. Imagine a star such as
S6, which has a relatively small source angle. We can see why this star will have
two images — one with x0 < 3, where the bending angle ranges between 0
◦ and
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Figure 4.2: This figure shows the bending angle as a function of closest approach
for a boson star with P (r) = 0.028. What makes lensing around a boson star
particularly interesting is that there are two values of r0/2M that yield a particular
value for the bending angle, allowing for multiple secondary images.
about 40◦. The image will correspond to a value of x0 somewhere on the narrow
region where the bending angle is increasing. The second image will have a value
for x0 in the region where the bending angle is decreasing (x0 > 3). And if the star
is at too large a source angle, there will be no secondary image, as there is an upper
bound to the deflection angle around a boson star. However, for a small source
angle, instead of one secondary image, there will be two. This clearly differentiates
the boson star lens from the Schwarzschild lens.
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To quantify the exact effects of the boson star as a lens, we looked at the lensing
of S6. The parameters of S6 are stated in Table 3.1. Although the star approaches
very close to the optic axis, we examine the star at a point 34 days before periapse
where the bending angle is about 28◦. We do this because we are less confident of
our estimate of the metric functions very near x = 0 and that will come into play for
the lensing of a star with a small source angle. Using the methodology established
in Sec. 3.1, we calculate the predicted magnitude of the secondary image in a
Schwarzschild spacetime. It is mK = 28.9, and the image is located at 57.7 µ as.
For the boson star, we find two solutions, one at 13.9 µ as, and the other at 47.4 µ
as. The magnitude of these two images are mK = 31.3 and mK = 29.7 with the
two images together having a brightness of mK = 29.5.
This brief demonstration shows that we can expect either two or no secondary
images from a star lensed by a boson star. However, as S6 moves to a greater
value for γ, these images move closer together and merge on the radial critical
curve, which corresponds to the point when the source star is on the radial caustic.
This occurs because at some point, the curve αBS (r) flattens and, therefore, dα/dθ
vanishes at this point. This leads to a formally infinite magnification at this point.
The behavior of the magnification of S stars that are near radial caustics is a
very interesting question and has not yet been examined. Several orders of increased
magnification are possible [66] and because radial caustics can apply to sources with
large γ, this increased magnification can occur far from periapse, when the source
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is moving slowly and, therefore, may remain near the radial caustic for a longer
period of time. Instead of the sum of the boson star images being somewhat dimmer
than the Schwarzschild secondary image, the images may become several orders of
magnitude brighter, which would clearly identify a boson star in the galactic center.
This exciting possibility will be studied in an upcoming publication.
4.3 Conclusions and Further Research
In this chapter, we have addressed the possibility of testing whether the dark object
at Sgr A* is a boson star by examining the properties of its secondary images. Doing
so is complicated because the distribution of mass in a boson star is dependent on
a free parameter. We examined a particularly compact boson star and sketched
its metric functions. Based on these metric functions, we calculated the bending
angle as a function of closest approach. We then applied the lensing formalism from
Chapter 3 to the images formed by the gravitational field of the boson star. We
found that, unlike in a Schwarzschild spacetime where there is exactly one secondary
image, in a boson star spacetime there can be either two secondary images or none
at all. And, unlike in the case of a black hole, there are no relativistic images near
a boson star. For the example we explored of the lensing of S6, the two images
are separated by a few dozen µ as and the sum of their brightness is less than the
secondary image of the Schwarzschild spacetime. Finally, we argue that when a
star approaches a radial caustic, the brightness of images in a boson star spacetime
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may far exceed the secondary image of a Schwarzschild spacetime. This would be a
smoking gun for the presence of a boson star in the galactic center, and is therefore
an important direction for future exploration.
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Chapter 5
Conclusion
In this thesis, we have explored gravitational lensing as a tool to look for modified
gravity, specifically modifications reflecting the existence of extra dimensions and
the presence of a boson star in the galactic center.
In Chapter 1, we reviewed the formalism for gravitational lensing in the weak
field and strong deflection limits. We reviewed the idea that extra dimensions
have an important role in modern physics and gave an overview of the models of
Kaluza-Klein, Arkani-Hamed-Dvali-Dimpoulos (ADD), and Randall-Sundrum. We
then reviewed the form of the black hole metric in the Randall-Sundrum II model.
Finally, we briefly discussed the current observational status of the galactic center
and how evidence points very strongly to the existence of a supermassive black hole
at the center of the galaxy. The evidence is also consistent with a compact boson
star at the galactic center, but this scenario is unlikely for a variety of reasons.
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In Chapter 2, we introduce our numerical method for solving the gravitational
lensing equations around black holes, when bending angles can be very large.
We calculate the image magnifications and positions for relativistic images in the
Schwarzschild, tidal Reissner-Nordstrom (TRN), and Garriga-Tanaka metrics when
modeling the black hole at Sgr A* as a lens of a galactic source. Use of the Garriga-
Tanaka metric did not affect image observables, while images tended to be dimmer
in a TRN spacetime. We then introduced a new parameterization for tidal charge in
the TRN metric and calculate observables in the case of a primordial black hole lens-
ing a gamma ray. In this parameterization, images are at larger positions and are
greatly brighter than in a Schwarzschild spacetime. We then break down the image
magnifications for images in a TRN spacetime and separately the behavior of radial
and tangential magnifications. Finally, we offer a test for the convergence of the
numerical method of calculating image observables and the approximation widely
used in the literature for the strong deflection limit. In this chapter, we showed
that images lensed by a TRN black hole have properties theoretically differentiable
properties from images lensed by a Schwarzschild black hole.
In Chapter 3, we analyze the properties of the secondary and relativistic images
of S stars orbiting around the galactic center. We show that for a TRN spacetime,
the properties of these secondary and relativistic images can be significantly altered
from the image properties in a Schwarzschild spacetime. We catalogue the effect
of the parameter q in the TRN spacetime on the secondary images of the stars S2,
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S6, and S14. We also analyze the effects of electrical charge on image properties of
these stars, and find that even an extremal Reissner-Nordstrom black hole will not
change the image properties greatly. We then analyze the properties of relativistic
images, showing, among other things, that relativistic images can be significantly
brighter in the presence of electrical charge. We then comment on the observational
possibilities of these secondary images. Future technology, such as the MICADO
telescope at E-ELT make the observation of secondary images a possibility worth
exploring.
In Chapter 4, we explore the possibility that the dark mass in the galactic
center is not a black hole, but a boson star. In particular, we are interested if this
possibility will have a significant effect on the lensing of S stars. Although we do
not complete a full analysis, we show evidence that lensing by a boson star will
generate unique features, such as the presence of multiple images. Of particular
interest is the presence of a radial caustic for a source lensed by a boson star. In a
future publication, we will explore the properties of images as their source crosses
the radial caustic and whether this can generate a highly magnified image with
increased observational prospects.
This thesis shows that there is a wide range of applications for strong field
lensing. With increasingly precise observations of the galactic center and other
potential arenas for lensing by compact objects, we will find opportunities to analyze
lensing in the strong field, an as-yet-unexplored frontier of physics. This thesis
165
demonstrates that there are several different phenomena that can be explored with
strong field lensing and has pointed the way for exploration of several new fronts.
As mention in Chapter 3, the galactic center is almost certainly a Kerr black hole.
It is therefore important to explore the caustic structure of this black hole and its
effects on the images of S stars. And, as mentioned in Chapter 4, the continued
exploration of lensing by boson stars is important for theory, and may provide an
experiment to confirm or constrain the presence of a boson star in the galactic
center.
In general, the weak nature of gravity relative to the other forces makes it hard
to test gravity’s true nature. On Earth, we only have access to weak gravitational
fields. Testing subtle modifications to gravity through cosmology and the extrapola-
tion of gravity to large scales is one possible approach. In this thesis, we demonstrate
that gravitational lensing offers a way to directly probe strong gravitational fields.
With this direct insight, we may be able to finally discover the surprises that almost
assuredly await us in the strong field.
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